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Abstract

Motivated by certain results known from the literature, in our work we give several new inequalities for C-monotone
functions with respect to ðq;uÞ-Hahn difference operator. If u ¼ 0, we obtain new inequalities for C-monotone functions.
On the other hand, if u ¼ 0; q/1, our results reduce to integral inequalities known from the literature.
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1. Introduction

I n 1995, Heinig and Maligranda [1], established
that if n � 0 decreases on ða; bÞ and z � 0 in-

creases on ða; bÞ with zðaÞ ¼ 0 and � ∞ � a< b � ∞,
then the inequality

Z b

a
nð2Þdzð2Þ �

�Z b

a
ngð2Þd½zgð2Þ�

�1
g

ð1:1Þ

holds for every g2ð0; 1�; while for 1 � g<∞ the
inequality is reversed. It has been also shown that
when n increases or ða; bÞ and z decreases on ða; bÞ
with zðbÞ ¼ 0, then holds the inequality

Z b

a
nð2Þd½�zð2Þ� �

�Z b

a
ngð2Þd½�zgð2Þ�

�1
g

ð1:2Þ

where g2ð0; 1�. In the same paper, Heinig and
Maligranda generalized (1.1) and established that
when 0< p � q<∞, and f ; g are non negative func-
tions, then there is a constantD> 0 since the inequality

�Z ∞

0
f ð2Þvqð2Þd2

�1
q
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�Z ∞

0
gð2Þvpð2Þd2

�1
p

; ð1:3Þ

relates all non negative decreased functions n if and
only if the inequality

�Z t
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q
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0
gð2Þd2
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p

;

holds for all t> 0. In addition, they also established
that inequality (1.3) holds for all non negative
increasing functions n and 0< p � q<∞, if and only
if the relation holds for all t> 0.
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:

In 1997, Pe�cari�c et al. [2], extended the results of
[1] to the case of C-monotone functions. Recall that
if s � t implies nðtÞ � CVðsÞ, for all s; t2½a; b�; then n

is C-decreasing function on ½a;b�. On the other hand,
if s � t implies nðsÞ � CVðtÞ s; t2½a; b�, then n is C-
increasing. Clearly, if C ¼ 1, then the notion of C-
monotonicity reduces to the usual monotonicity.
Some other type inequalities can be found in [3e6].

Pec
�
ari�c et al. [2], generalized (1.1) and established

that if q : ½0;∞Þ/R is a concave, non negative and
differentiable function such that qð0Þ ¼ 0; n be C-
decreasing with C � 1 and z increases on ½a;b�, such
that zðaÞ ¼ 0, then holds the inequality

q

�
C

Z b

a
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�
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a
q0½nð2Þzð2Þ�nð2Þdzð2Þ ð1:4Þ
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In addition, let n be C-increases with C � 1 and z

increases on ½a; b�, zðaÞ ¼ 0: Then, the following
inequality holds

q
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1
C
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a
nð2Þdzð2Þ

�
� 1
C

Z b

a
q0½nð2Þzð2Þ�nð2Þdzð2Þ

ð1:5Þ
Analogous results have been derived for the case

of a decreasing function. More precisely, let n be C-
increases, C � 1, z decreases on ½a; b� and zðbÞ ¼ 0.
Then holds the inequality

q

�
C

Z b

a
nð2Þd½�zð2Þ�
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Z b

a
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ð1:6Þ

while for C-decreasing function n, C � 1, z decreases
on ½a; b� and zðbÞ ¼ 0, holds the inequality

q
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Z b

a
nð2Þd½�zð2Þ�
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� 1
C

Z b

a
q0½nð2Þzð2Þ�nð2Þd½�zð2Þ�:

ð1:7Þ

In recent decades, great importance has been
placed for proving discrete equivalents to the
related continuous results in a variety of subjects of
analysis. One of the reasons for the increasing
attention in the discrete case is because discrete
operators might behave quite differently than their
continuous equivalent. In our work, we shall
discrete inequalities as special cases of the results
with the Hahn calculus.

Our purpose in this work is to expand inequality.
(1.1), (1.2), (1.4), (1.5), (1.6) and (1.7) via (q, u)-Hahn
difference operator. In particular, we will employ
the corresponding chain rule formula as well as the
basic properties of C-Monotone functions. Of
course, the results that we will derive contain clas-
sical results and the usual monotonicity.

The work is organized as follows: in Section 2, we
give fundamental definitions and notions related to
the Hahn calculus, which will be important in
proving our major conclusions. In Section 3, we
extend inequalities (1.1), (1.2), (1.4), (1.5), (1.6) and
(1.7) via (q, u)-Hahn difference operator. It turns out
that if u ¼ 0 we obtain essentially new relations,
while for u ¼ 0, q/1, our results reduce to in-
equalities presented in this introduction.

2. Preliminaries and lemmas

This section introduces the Hahn calculus, intro-
duced in [7,8]. If q2ð0; 1Þ, u> 0 be fixed, u0 :¼ u=
ð1� qÞ, and I be an interval of R contains u0.
Consider hðtÞ :¼ qtþ u; t2I. Both hðtÞ and h�1ðtÞ.

In the q-setting, the values u0 suggest that t ¼ 0. In
particular

u0¼ lim
k/∞

ðh+h+/+hÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
k�times

ðtÞ:

The inverse hðtÞ is h�1ðtÞ ¼ ðt� uÞ=q;t2I. The q;
u-Hahn difference operator developed by Hahn in
[9] may be presented as follows.
Definition 1. Consider u, a function defined on I.
Hahn difference operator can be represented as
follows:

Dq;uuðtÞ : ¼

8><
>:

u
�
qtþu

�� uðtÞ�
qtþu

�� t
;tsu0;

u0ðu0Þ;t¼ u0:

Assume u is differentiable at u0. We refer to Dq;uu, as
the q;u-derivative of u, then u is q;u-differentiable
throughout I, if Dq;uuðu0Þ exists.

Note that

lim
u[0

Dq;uuðtÞ¼DquðtÞ;

lim
qY1;u[0

Dq;uuðtÞ¼u0ðtÞ:

Taking into consideration Y and [, which repre-
sents limitations from left and right at finite points.
It is simple to demonstrate u, v is q;u-differentiable
at t2I, then

Dq;uðauþbvÞðtÞ¼aDq;uuðtÞ þ bDq;uvðtÞ;a;b2C;

Dq;uðuvÞðtÞ¼Dq;uðuðtÞÞvðtÞ þ u
�
qtþu

�
Dq;ugðtÞ;

Dq;u

	u
v



ðtÞ¼Dq;uðuðtÞÞvðtÞ � uðtÞDq;uvðtÞ

vðtÞv�qtþu
� :

The last identity vðtÞvðqt þ uÞs0, can be ob-
tained [7]. In [7], the right inverse for Dq;u is defined
in terms of Jackson-N€orlund sums as shown in [10].
Given a, b2I, the q;u -integral of u from a to b is
defined as
Z b

a
uðtÞdq;ut : ¼

Z b

u0

uðtÞdq;ut�
Z a

u0

uðtÞdq;ut;

Z 2

u0

uðtÞdq;ut : ¼
�
2
�
1�q

��u
�X∞

k¼0

qku
	
2qkþu½k�q



;22I

ð2:1Þ
Assuming that the sequence convergence at 2 ¼ a

and 2 ¼ b. The q-number is expressed as

½k�q :¼ 1�qk

1�q ; where k2N0. In this situation, u is called

q;u-integrable on ½a;b�. The sum on the right side of
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(2.1) is called the Jackson-N€orlund sum. Refer to [10]
to learn more about the relation between N€orlund
sums and difference operators. According to [7], the
basic theorem of q;u-calculus states that let u : I/ R

be continuous at u0,

UðtÞ : ¼
Z t

u0

uð2Þdq;u2; t2I

Then U be continuous at u0. Furthermore,
Dq;uUðtÞ exists for every t2I and

Dq;uUðtÞ¼uðtÞ
Conversely

Z b

a
Dq;uuðtÞdq;ut¼uðbÞ � uðaÞ; for all a;b2I:

Hence, the q; u-integration by parts for contin-
uous functions u, v are explained in [7,11].

Z b

a
uðtÞDq;uvðtÞdq;ut¼ uðtÞvðtÞ��b

a

�
Z b

a
Dq;uðuðtÞÞv

�
qtþu

�
dq;ut;a;b2I

Lemma 1. [7]. If s2I; s>u0; u and v be ðq;
uÞ-integrable on I, then for a, b2fsqk þ u½k�qg

∞
k¼0

;
we have����
Z b

a
uðtÞdq;ut

�����
Z b

a
juðtÞjdq;ut

Consequently, if jvðtÞj � 0 for all t2fsqk þ u½k�qg
∞
k¼0

;

then for all a, b2fsqk þ u½k�qg
∞
k¼0

the inequalities
holds.
Z b

u0

vðtÞdq;ut�0 and
Z b

a
vðtÞdq;ut� 0

Theorem 1. [12]. (Chain Rule involving Hahn-
differential operator). If v : I/R be continuous and q;
u-differentiable and u : R/R be continuously
differentiable. Then, there exists c between qtþ u

and t, we get

Dq;uðu+vÞðtÞ¼u0ðvðcÞÞDq;uvðtÞ ð2:2Þ
Lemma 2. Let u, v : I/R be q; u-integrable on

I; k2R and a; b; c2I. Then

(i)
R a
a uðtÞdq;ut ¼ 0;

(ii)
R b
a kuðtÞdq;ut ¼ k

R b
a uðtÞdq;ut;

(iii)
R b
a uðtÞdq;ut ¼ � R a

b uðtÞdq;ut;
(iv)

R b
a uðtÞdq;ut ¼ R c

a uðtÞdq;utþ
R b
c uðtÞdq;ut;

(v)
R b
a ðuðtÞþ vðtÞÞdq;ut ¼ R b

a uðtÞdq;utþR b
a vðtÞdq;ut.

The H €o lder's Inequality plays a fundamental role
in the field of mathematics. Different variants can be
found in [13e15]. The following inequality is known
as H €o lder's Inequality involving Hahn calculus.

Theorem 2. [16]. Let u; v : I/R beHahn-integrable
on I and a; b2I. Then

Z b

a

����uðtÞvðtÞ
�����dq;ut�

�Z b

a
juðtÞjjdq;ut

1
j

�
�Z b

a
jvðtÞjidq;ut

1
i

; ð2:3Þ

where j�1; i¼ j
j� 1

and
1
j
þ 1

i
¼ 1:

3. Main results

If no other information is explicitly mentioned,
we suppose that all the functions are non-negative,
continuous, q;u-differentiable, and integral on I, on
½a;∞Þ.

In this section, q : ½0;∞Þ/R refers to a non-
negative, concave, and differentiable function with
qð0Þ ¼ 0. We are now ready to present and establish
our main conclusions. Our initial conclusion ex-
tends inequalities (1.1) and (1.4) to consider the q;
u-Hahn difference operator.

Theorem 3. Let I be any interval t2I and a;b2½tqm þ
u½mq��∞m¼0, v be C-increasing on ½a; b� for C � 1, z

increasing on interval ½a;b�, and zðaÞ ¼ 0. Then

q

�
C
Z b

a
nð2Þ�Dq;uzð2Þ

�
dq;u2

�

� C
Z b

a
nð2Þ�Dq;uzð2Þ

�
q0½nð2Þzð2Þ�dq;u2 ð3:1Þ

Proof. Let

K¼q

�
C
Z b

a
nð2Þ�Dq;uzð2Þ

�
dq;u2

�

�C
Z b

a
nð2Þ�Dq;uzð2Þ

�
q0½nð2Þzð2Þ�dq;u2 ð3:2Þ

and

EðtÞ¼C
Z t

a
nð2Þ�Dq;uzð2Þ

�
dq;u2 ð3:3Þ

Therefore, we have from (3.2) and (3.3) that

KðtÞ¼qðEðtÞÞ �C
Z t

a
nð2Þ�Dq;uzð2Þ

�
q0½nð2Þzð2Þ�dq;u2

ð3:4Þ
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Since v is C-increasing, then we have, for t � 2,
that nðtÞ � Cnð2Þ, and then we obtain (note z is
increasing and zðaÞ ¼ 0) thatZ t

a
Cnð2Þ�Dq;uzð2Þ

�
dq;u2�

Z t

a
nðtÞ�Dq;uzð2Þ

�
dq;u2

¼ nðtÞ
Z t

a

�
Dq;uzð2Þ

�
dq;u2¼ nðtÞ½zðtÞ � zðaÞ�

¼ nðtÞzðtÞ:
ð3:5Þ

Substituting (3.3) into (3.5), we have

EðtÞ � nðtÞzðtÞ: ð3:6Þ
Using the chain rule formulation (2.2) on the term

qðEðtÞÞ, we see that there exists

h2
�
t;qtþu

�
; such that

Dq;uqðEðtÞÞ¼q0ðEðhÞÞ�Dq;uEðtÞ
� ð3:7Þ

From (3.3), we obtain ( note z is increasing) that

Dq;uEðtÞ¼CnðtÞ�Dq;uzðtÞ
�� 0 ð3:8Þ

and then E is increasing on ½a; b� and then we have,
for h � t, that

EðhÞ � EðtÞ ð3:9Þ

When q is concave on ½0;∞Þ, then q
00
< 0 (q0 decreases

on ½0;∞Þ) and thus, we notice from (3.9) that

q0ðEðhÞÞ � q0ðEðtÞÞ ð3:10Þ
Substitute (3.8) and (3.10) into (3.7) yields

Dq;uqðEðtÞÞ � CnðtÞ�Dq;uzðtÞ
�
q0ðEðtÞÞ ð3:11Þ

According to (3.6), q0ðEðtÞÞ � q0ðnðtÞzðtÞÞ, and
then we obtain (note n is positive and z increases)
that

CnðtÞ�Dq;uzðtÞ
�
q0ðEðtÞÞ � CnðtÞ�Dq;uzðtÞ

�
q0ðnðtÞzðtÞÞ;

and thus we obtain from (3.11) that

Dq;uqðEðtÞÞ � CnðtÞ�Dq;uzðtÞ
�
q0ðnðtÞzðtÞÞ ð3:12Þ

Form (3.4), we have

Dq;uKðtÞ¼Dq;uqðEðtÞÞ �CnðtÞ�Dq;uzðtÞ
�
q0ðnðtÞzðtÞÞ

ð3:13Þ
Substitute (3.12), into (3.13), we have Dq;uKðtÞ � 0,

and therefore K decreases on ½a; b�. So b> a, we get
KðbÞ � KðaÞ. Since qð0Þ ¼ 0, we have from (3.2) that

KðaÞ¼qð0Þ ¼ 0:

Then KðbÞ � 0, and we obtain from (3.2), by
putting t ¼ b, then

q

�Z b

a
Cnð2Þ�Dq;uzð2Þ

�
dq;u2

�

� C
Z b

a
nð2Þ�Dq;uzð2Þ

�
q0½nð2Þzð2Þ�dq;u2;

that is the inequality (3.1).
Remark 1. If u ¼ 0 in (3.1), we obtain

q

�Z b

a
Cnð2Þ�Dqzð2Þ

�
dq2

�
� C

Z b

a
nð2Þ�Dqzð2Þ

�
q0½nð2Þzð2Þ�dq2:

Remark 2. If u ¼ 0; q/1 in (3.1), we get the integral
inequality (1.4) established by Pecaric0 et al. [2]. More-
over, if u ¼ 0; q/1. C ¼ 1; qðtÞ ¼ tp and 0< p � 1;
our inequality (3.1) becomes integral inequality (1.1)
established by Heinig and Maligranda [1].

Our next result is a dynamic extension of integral
inequality (1.5) due to Pec

�
ari�c et al. [2].

Theorem 4. Let I be any interval t2I and a;
b2½tqm þ u½mq��∞m¼0, n be C-increasing on ½a;b�, C � 1
and z increases on ½a; b�, and zðaÞ ¼ 0. Then

q

�
1
C

Z b

a
nð2Þ�Dq;uzð2Þ

�
dq;u2

�

� 1
C

Z b

a
nð2Þ�Dq;uzð2Þ

�
q0
�
n
�
q2þu

�
z
�
q2þu

��
dq;u2:

ð3:14Þ
Proof. Let

KðtÞ¼q

�
1
C

Z t

a
nð2Þ�Dq;uzð2Þ

�
dq;u2

�

� 1
C

Z t

a
nð2Þ�Dq;uzð2Þ

�
q0
�
n
�
q2þu

�
z
�
q2þu

��
dq;u2;

ð3:15Þ
and

EðtÞ¼
Z t

a

1
C
nð2Þ�Dq;uzð2Þ

�
dq;u2 ð3:16Þ

Based on (3.15) and (3.16), we may conclude that

KðtÞ¼qðEðtÞÞ � 1
C

Z t

a
nð2Þ�Dq;uzð2Þ

�
� �

n
�
q2þu

�
z
�
q2þu

��
dq;u2: ð3:17Þ

Since n C-increases, we have for 2 � qtþ u, that
nð2Þ � Cnðqt þ uÞ, then we have (z increases and
zðaÞ ¼ 0), that
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Z qtþu

a

1
C
nð2Þ�Dq;uzð2Þ

�
dq;u2�

Z qtþu

a
n
�
qtþu

�

��
Dq;uzð2Þ

�
dq;u2¼ n

�
qtþu

�Z qtþu

a

�
Dq;uzð2Þ

�
dq;u2

¼ n
�
qtþu

��
z
�
qtþu

��zðaÞ�
¼ n

�
qtþu

�
z
�
qtþu

�
;

and thus

1
C

Z qtþu

a
nð2Þ�Dq;uzð2Þ

�
dq;u2� n

�
qtþu

�
z
�
qtþu

�
ð3:18Þ

From (3.16), inequality (3.18) becomes

E
�
qtþu

�� n
�
qtþu

�
z
�
qtþu

� ð3:19Þ
Using formula (2.2) for a term qðEðtÞÞ, we find

that there exists h2½t; qtþu�; such that

Dq;uqðEðtÞÞ¼q0ðEðhÞÞ�Dq;uEðtÞ
� ð3:20Þ

From (3.16), we obtain (z increases) that

Dq;uEðtÞ¼ 1
C
nðtÞ�Dq;uzðtÞ

�� 0 ð3:21Þ

and then E increases on ½a; b� and then we have h �
qtþ u, that

EðhÞ � E
�
qtþu

� ð3:22Þ
Since q is concave on ½0; ∞Þ, then q

00
< 0 (q0 de-

creases on ½0;∞Þ) and then, we observe from (3.22)
that

q0ðEðhÞÞ � q0
�
E
�
qtþu

�� ð3:23Þ
Substituting (3.21) and (3.23) into (3.20), we get

Dq;uq
�
E
�
qtþu

��� 1
C
nðtÞ�Dq;uzðtÞ

�
q0
�
E
�
qtþu

��
ð3:24Þ

From (3.19), we have that q0ðEðqt þ
uÞÞ � q0ðnðqt þ uÞzðqt þ uÞÞ, and then we have (n
be positive and z increases) that

1
C
nðtÞ�Dq;uzðtÞ

�
q0
�
E
�
qtþu

��
� 1
C
nðtÞ�Dq;uzðtÞ

�
q0
�
n
�
qtþu

�
z
�
qtþu

��
;

thus we obtain from (3.24) that

Dq;uqðEðtÞÞ � 1
C
nðtÞ�Dq;uzðtÞ

�
q0
�
n
�
qtþu

�þz
�
qtþu

��
ð3:25Þ

Form (3.17), we have

Dq;uKðtÞ¼Dq;uqðEðtÞÞ � 1
C
nðtÞ�Dq;uzðtÞ

�
q0
�
n
�
qtþu

�
þz

�
qtþu

��
ð3:26Þ

Substituting (3.25) into (3.26), we find that
Dq;uKðtÞ � 0, K increases on ½a; b�. Since b> a, we
may conclude that KðbÞ � KðaÞ. When qð0Þ ¼ 0, we
have from (3.15) that

KðaÞ¼qð0Þ ¼ 0:

Then KðbÞ � 0, and we obtain from (3.15), by putting
t ¼ b; that

q

�Z b

a

1
C
nð2Þ�Dq;uzð2Þ

�
dq;u2

�

� 1
C

Z b

a
nð2Þ�Dq;uzð2Þ

�
q0
�
n
�
q2þu

�
z
�
q2þu

��
dq;u2;

that is the desired inequality (3.14).
Remark 3. If u ¼ 0 in (3.14), we obtain

q

�Z b

a

1
C
nð2Þ�Dqzð2Þ

�
dq2

�
� 1
C

Z b

a
nð2Þ�Dqzð2Þ

�
q0
�
n
�
q2
�
z
�
q2
��
dq2:

On the other hand, if u ¼ 0; q/1 in (3.14), we obtain
the integral inequality (1.5) proved by Pec

�
ari�c et al. [8].

In the sequel, we establish Hahn calculus ver-
sions of integral inequalities (1.2) and (1.6) from the
Introduction.

Theorem 5. Let I be any interval t2I and a;
b2½tqm þ u½mq��∞m¼0, n be C-increasing on ½a; b�,
C � 1, z decreases on ½a; b�, and zðbÞ ¼ 0. Then

q

�
C
Z b

a
nð2Þ�Dq;u�zð2Þ�dq;u2

�
�C

Z b

a
nðtÞ�Dq;u�zð2Þ�

q0
�
n
�
q2þu

�
z
�
q2þu

��
dq;u2:

ð3:27Þ
Proof. Let

KðtÞ¼�q

�
C
Z b

t
nð2Þ�Dq;uzð2Þ

�
dq;u2

�

�C
Z b

t
nð2Þ�Dq;uzð2Þ

�
q0
�
n
�
q2þu

�
z
�
q2þu

��
dq;u2;

ð3:28Þ
and

E*ðtÞ¼
Z b

t
Cnð2Þ�Dq;u � zð2Þ�dq;u2 ð3:29Þ

From (3.28) and (3.29), we may conclude that
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KðtÞ¼�qðE*ðtÞÞ�C
Z b

t
nð2Þ�Dq;uzð2Þ

�
q0
�
n
�
qtþu

�
�z

�
q2þu

��
dq;u2

ð3:30Þ
For qtþ u � 2, vðqtþuÞ � Cvð2Þ implies that z

increases and zðbÞ ¼ 0.

Z b

qtþu

Cnð2Þ�Dq;u � zð2Þ�dq;u2�
Z b

qtþu

n
�
qtþu

�
� �

Dq;u � zð2Þ�dq;u2
¼ n

�
qtþu

�Z b

qtþu

�
Dq;u � zð2Þ�dq;u2

¼ n
�
qtþu

��� zðbÞþz
�
qtþu

��
¼ n

�
qtþu

�
z
�
qtþu

�
:

ð3:31Þ

Substituting (3.29) into (3.31), we get

E*
�
qtþu

�� n
�
qtþu

�
z
�
qtþu

� ð3:32Þ
Using formula (2.2) on the term qðE*ðtÞÞ; we find

that there exists h2½t; qt þ u�, so that

Dq;uqðE*ðtÞÞ¼q0ðE*ðhÞÞDq;uE*ðtÞ ð3:33Þ
From (3.29), we get (z decreases) that

Dq;uE*ðtÞ¼CnðtÞ�Dq;uzðtÞ
�� 0 ð3:34Þ

then E*ðtÞ decreases on ½a; b� and then we have, for
h � qtþ u, that

E*ðhÞ � E*
�
qtþu

� ð3:35Þ

Since q is concave function on ½0;∞Þ, then q
00
< 0 (q0

decreases on ½0;∞Þ) and then, we observe from (3.35)
that

q0ðE*ðhÞÞ � q0
�
E*
�
qtþu

�� ð3:36Þ
Substituting (3.34) and (3.36) into (3.33), we get

Dq;uq
�
E*
�
qtþu

��� CnðtÞ�Dq;uzðtÞ
�
q0
�
E*
�
qtþu

��
ð3:37Þ

From (3.32), we have that q0ðEðqt þ
uÞÞ � q0ðnðqt þ uÞzðqt þ uÞÞ, and then we get (n be
positive and z decreases) that

CnðtÞ�Dq;uzðtÞ
�
q0
�
E*
�
qtþu

��
� CnðtÞ�Dq;uzðtÞ

�
q0
�
n
�
qtþu

�
z
�
qtþu

��
;

thus we obtain from (3.37) that

Dq;uq
�
E*ðtÞ�CnðtÞ�Dq;uzðtÞ

�
q0
�
v
�
qtþu

�
z
�
qtþu

��
;

and then

�Dq;uqðE*ðtÞÞ��CnðtÞ�Dq;uzðtÞ
�
q0
�
n
�
qtþu

�
z
�
qtþu

��
ð3:38Þ

From (3.30), we have

Dq;uKðtÞ¼ �Dq;uqðE*ðtÞÞ
þCnðtÞDq;uzðtÞq0

�
n
�
qtþu

�
z
�
qtþu

�� ð3:39Þ
Substituting (3.38) into (3.39), we get Dq;uKðtÞ � 0,

and K decreases on ½a; b�, and b> a, we get
KðbÞ � KðaÞ. Since qð0Þ ¼ 0, we have from (3.28) that

KðbÞ¼ � qð0Þ ¼ 0;

then KðaÞ � 0, and we obtain from (3.28), by putting
t ¼ a, that

q

� Z b

a
Cnð2Þ�Dq;u � zð2Þ�dq;u2

�

� C
Z b

a
nð2Þ�Dq;u � zð2Þ�q0�n�q2þu

�
z
�
q2þu

��
dq;u2:

That is the desired inequality (3.27).

Remark 4. If u ¼ 0 in (3.27), we obtain

q

�Z b

a
Cnð2Þ�Dq � zð2Þ�dq2

�

� C
Z b

a
nð2Þ�Dq � zð2Þ�q0�n�q2�z�q2��dq2:

Remark 5. If u ¼ 0; q/1 in (3.27), we obtain the
inequality (1.6) established by Pecaric0 et al. [8].
In addition, if C ¼ 1, and qðtÞ ¼ tp and 0< p � 1, we
obtain the integral inequality (1.2) established by Heinig
and Maligranda [1].
To finish our discussion, we can extension
inequality (1.7).
Theorem 6. Let I be any interval t2I and a;
b2½tqm þ u½mq��∞m¼0, n be C-decreasing on ½a; b�, C �
1 and z decreases on ½a; b� and zðbÞ ¼ 0: Then

q

�
1
C

Z b

a
nð2Þ�Dq;u � zð2Þ�dq;u2

�

� 1
C

Z b

a
nð2Þ�Dq;u � zð2Þ�q0½nð2Þzð2Þ�dq;u2: ð3:40Þ

Proof. Let

KðtÞ¼ � q

�
1
C

Z b

t
nð2Þ�Dq;u � zð2Þ�dq;u2

�

þ1
C

Z b

t
nð2Þ�Dq;u � zð2Þ�q0½nð2Þzð2Þ�dq;u2;

ð3:41Þ

and
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E*ðtÞ¼
Z b

t

1
C
nð2Þ�Dq;u � zð2Þ�dq;u2 ð3:42Þ

Based on (3.41) and (3.42), we may conclude that

KðtÞ¼ � qðE*ðtÞÞ þ 1
C

Z b

t
nð2Þ�Dq;u

� zð2Þ�q0½nð2Þzð2Þ�dq;u2 ð3:43Þ
Given n be C-decreases, for 2 � t; we have nð2Þ �

CnðtÞ; Consequently, considering that ( decreases
and zðbÞ ¼ 0), we obtain

Z b

t

1
C
nð2Þ�Dq;u�zð2Þ�dq;u2�

Z b

t
nðtÞ�Dq;u�zð2Þ�dq;u2

¼ nðtÞ
Z b

t

�
Dq;u�zð2Þ�dq;u2¼ nðtÞ½�zðbÞþzðtÞ�

¼ nðtÞzðtÞ;
ð3:44Þ

and then

1
C

Z b

t
nð2Þ�Dq;u � zð2Þ�dq;u2� nðtÞzðtÞ ð3:45Þ

Substituting (3.42) into (3.45), we get

E*ðtÞ � nðtÞzðtÞ ð3:46Þ
Using the chain rule formula (2.2) on the

expression qðE*ðtÞÞ, we observe that there exists d2
½t; qt þ u�, so that

Dq;uqðE*ðtÞÞ¼q0ðE*ðdÞÞ�Dq;uE*ðtÞ� ð3:47Þ
From (3.42), we obtain (z decreases) that

Dq;uE*ðtÞ¼ 1
C
nðtÞ�Dq;uzðtÞ

�� 0; ð3:48Þ
Given that E*ðtÞ decreases on ½a; b�, for d � t, we

have

E*ðdÞ � E*ðtÞ ð3:49Þ

Furthermore, since q is concave on ½0;∞Þ, implying
q
00
< 0 (meaning q0 decreases on ½0; ∞Þ), we can

observe from (3.49) that

q0ðE*ðdÞÞ � q0ðE*ðtÞÞ ð3:50Þ
Substituting (3.48) and (3.50) into (3.47), we get

Dq;uqðE*ðtÞÞ � 1
C
nðtÞ�Dq;uzðtÞ

�
q0ðE*ðtÞÞ ð3:51Þ

From (3.46), we have that q0ðE*ðtÞÞ � q0ðnðtÞzðtÞÞ,
and then we obtain ( n be positive and z decreases)
that

1
C
nðtÞ�Dq;uzðtÞ

�
q0ðE*ðtÞÞ � 1

C
nðtÞ�Dq;uzðtÞ

�
q0ðnðtÞzðtÞÞ;

thus we obtain from (3.51) that

Dq;uqðE*ðtÞÞ � 1
C
nðtÞ�Dq;uzðtÞ

�
q0ðnðtÞzðtÞÞ;

and then

�Dq;uqðE*ðtÞÞ � �1
C
nðtÞ�Dq;uzðtÞ

�
q0ðnðtÞzðtÞÞ ð3:52Þ

From (3.43), we have

Dq;uKðtÞ¼ �Dq;uqðE*ðtÞÞ þ 1
C
nðtÞDq;uzðtÞq0ðnðtÞzðtÞÞ

ð3:53Þ

Substituting (3.52) into (3.53), we note that
Dq;uKðtÞ � 0, and K increases on ½a; b�. When b> a,
we see that KðbÞ� KaÞ. Since qð0Þ ¼ 0, we have from
(3.41) that

KðbÞ¼ � qð0Þ ¼ 0;

then KðaÞ � 0, we get from (3.41), by putting t ¼ a,
that

�q

�
1
C

Z b

a
nð2Þ�Dq;u � zð2Þ�dq;u2

�

þ1
C

Z b

a
nð2Þ�Dq;u � zð2Þ�q0½nð2Þzð2Þ�dq;u2� 0;

and thus

q

�
1
C

Z b

a
nðtÞ�Dq;u � zð2Þ�dq;u2

�

� 1
C

Z b

a
nð2Þ�Dq;u � zð2Þ�q0½nð2Þzð2Þ�dq;u2;

that is the desired inequality (3.40).

Remark 6. If u/0 in (3.40), we obtain

q

�
1
C

Z b

a
nð2Þ�Dq � zð2Þ�dq2

�

� 1
C

Z b

a
nð2Þ�Dq � zð2Þ�q0½nð2Þzð2Þ�dq2:

Furthermore, if u/0; q/1 in (3.40), we obtain
inequality (1.7) established by Pecaric0 et al. [2].
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4. Conclusion

In this manuscript we discussed some new in-
vestigations of the Hardy inequality and its com-
panion inequalities via (q, u)-Hahn difference
operator. These inequalities have certain condi-
tions that have not been studied before. For
example, in Theorem 3, we are dealing with
several new inequalities for C-monotone functions
concerning ðq; uÞ-Hahn difference operator. Be-
sides that, to obtain some new inequalities as
special cases, we also extended our inequalities to
continuous calculus.
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