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Abstract

In this paper, and using q-Al-Oboudi derivative operator and the concept of subordinating, we define a new class of
univalent functions and investigate convolution properties, the necessary and sufficient condition and coefficient esti-
mates for functions in this class. Our results generalizes previous results.
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1. Introduction

L et £ denote the class of analytic functions in U

f ðzÞ¼ zþ
X∞

k¼2
akzk;U¼fz2C: jzj < 1g ð1Þ

For f , g analytic in U, f is subordinate to g, ðf 3gÞ
if d an analytic function u; with uð0Þ ¼ 0 and
juðzÞj< 1ðz2UÞ; such that f ðzÞ ¼ GðuðzÞÞ: Further-
more, if g is univalent in U, then the equivalence:

f ðzÞ3gðzÞ⇔f ð0Þ ¼ gð0Þ; f ðUÞ3gðUÞ;

holds (see Refs. [4,7]).
Let SðaÞ3£ ð0� a < 1Þ consisting of all starlike

functions of order a; in U.
The Hadamard product of E given by (1); and

gðzÞ ¼ zþP∞
k¼2 bkz

k is defined by

�
f)g

�ðzÞ¼ zþ
X∞

k¼2
akbkzk ¼

�
g)f

�ðzÞ ð2Þ

Let S)q;z;w ð�1� w < z� 1Þ be the subclass of £
which defined by see [10]

S)
q;z;w¼

�
f 2£ :

zvqf ðzÞ
f ðzÞ 3

1þ zz
1þwz

; z2U
�

where

vqf ðzÞ¼

8><
>:

f ðzÞ � f
�
qz
��

1� q
�
z

for zs0

f 0ð0Þ for z¼ 0;

¼ 1þ
X∞

k¼2
½k�qakzk�1 ð3Þ

which was defined by Refs. [5,6,8,11] see also Ref. [3]
and

½k�q¼
1� qk

1� q

For N ¼ f1; 2; :::g; l � 0 and f given by (1); Aouf
et al. [1] defined the generalized q-S�al�agean oper-
ator by

D0
q;lf ðzÞ¼ f ðzÞ
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D1
q;lf ðzÞ¼ð1� lÞf ðzÞ þ lz

�
vqf ðzÞ

�

¼ zþ
X∞

k¼2

h
1þl

�
½k�q � 1

�i
akzk

«

Dn
q;lf ðzÞ¼ð1� lÞDn�1

q;l f ðzÞ þ lzvq
�
Dn�1

q;l f ðzÞ
�

¼ zþ
X∞

k¼2

h
1þ l

�
½k�q � 1

�in
akzk ð4Þ

which for q/1� reduces to Dn
l that in turn for l ¼ 1

tends to S�al�agean operator (see Refs. [2,9]).
Motivating the class defined by Seoudy and Aouf

[10], we define the following class.
Making use of Dn

q;lf ðzÞ we introduce the subclass
Sn)q;z;wðlÞ of the class £: For q2ð0; 1Þ; l � 0, �1 � w<
z � 1; let

Sn)
q;z;wðlÞ¼

n
f 2£ :Dn

q;lf ðzÞ2S)
q;z;wðlÞ

o
ð5Þ

Note that

ð1Þ S0
q;z;wðlÞ¼S)

q;z;w

�
Seoudy andAouf ½10��;

ð2Þ Sn
q;1�2a;�1ðlÞ¼Sn

qða;lÞ ð0�a < 1;l�0Þ;

Sn
qða;lÞ¼

(
f 2£ : Re

zvqDn
q;lf ðzÞ

Dn
q;lf ðzÞ

> a; z2U

)

ð3Þ Sn
q;ð1�2aÞb;�bðlÞ¼Sn

qðl;a;bÞ ð0�a < 1;0 < b�1;l�0Þ

Sn
qðl;a;bÞ¼

8>>>><
>>>>:
f 2£ :

���������
zDn

q;lf ðzÞ
Dn

q;lf ðzÞ
� 1

zDn
q;lf ðzÞ

Dn
q;lf ðzÞ

þ 1� 2a

���������
< b; z2U

9>>>>=
>>>>;

ð4Þ limq/1Sn
q;z;wðlÞ¼

�
f2£ :

z
�
Dn

l f ðzÞ
�0

Dn
l f ðzÞ

3
1þzz
1þwz

;z2U
�

¼Sn
z;wðlÞ

2. Convolution properties

Otherwise mentioned, let q2½0; 2pÞ; 0< q< 1; l �
0; n2N0 ¼ N∪f0g and � 1 � w< z � 1.

Theorem 2.1. If f2Sn)q;z;wðlÞ ⇔

1
z

"
Dn

q;lf ðzÞ)
z� Lqz2

ð1� zÞ�1� qz
�
#
s0 ðz2UÞ ð6Þ

c L¼Lq ¼ e�iq þ z

z�w
and also L¼ 1:

Proof: First suppose f2 Sn)q;z;wðlÞ; that is

zvqDn
q;lf ðzÞ

Dn
q;lf ðzÞ

3
1þ zx
1þwx

ð7Þ

Since f ðzÞs0; z2U) ¼ U/f0g; then �1z�f ðzÞs0; and
this is equivalent to the fact that (6) holds for L ¼ 1:
From (7) there exists a function uðzÞ analytic in U
with uð0Þ ¼ 0; juðzÞj< 1 such that

zvqDn
q;lf ðzÞ

Dn
q;lf ðzÞ

¼ 1þ zwðzÞ
1þwwðzÞ ð8Þ

that is

zvqDn
q;lf ðzÞ

Dn
q;lf ðzÞ

s
1þ zei q

1þwei q
ð9Þ

or

1
z

h�
1þwei q

�
zvqDn

q;lf ðzÞ �
�
1þzei q

�
Dn

q;lf ðzÞ
i
s0 ð10Þ

Since,

Dn
q;lf ðzÞ)

z
1� z

¼Dn
q;lf ðzÞ;

Dn
q;lf ðzÞ)

z
ð1� zÞ�1� qz

�¼ zvqDn
q;lf ðzÞ;

we may write (10) as

1
z

"
Dn

q;lf ðzÞ)
 

ð1þwei qÞz
ð1� zÞ�1� qz

�� ð1þ zei qÞz
1� z

!#

¼ ðw� zÞeiq
z

2
664Dn

q;lf ðzÞ)
z� ðe�iqþzÞqz2

ðz�wÞ
ð1� zÞ�1� qz

�
3
775s0 ð11Þ

which leads to (6).
Reversely, because assumption (6) holds for L ¼ 1,

it follows that
�
1
z

�
f ðzÞs0; for all z2 U; hence, FðzÞ ¼

zvqDn
q;lf ðzÞ

Dn
q;lf ðzÞ is analytic in U. From the proof of the first

part, we see that (6) is equivalent to (9), that is
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zvqDn
q;lf ðzÞ

Dn
q;lf ðzÞ

s
1þ zei q

1þwei q
ð12Þ

Putting

JðzÞ¼ 1þ zz
1þwz

ð13Þ

in (11) we observe that for all z2U, F and J not
intersect. Thus the connected component FðUÞ3
CyJðvUÞ: Since Fð0Þ ¼ Jð0Þ and J is univalent,
then FðzÞ3JðzÞ; that is (7), holds, i. e E2 Snq;z;wðlÞ.
Putting n ¼ 0 in theorem 2.1, we have [Ref. [8],
theorem 1].

Corollary 2.1. the function f2S0)q;z;wðlÞ ⇔

1
z

"
f ðzÞ) z� Lqz2

ð1� zÞ�1� qz
�
#
s0 ðz2UÞ ð14Þ

c L¼Lq ¼ e�iq þ z

z�w
and also L¼ 1:

Theorem 2.2. The function f 2 Sn)q;z;wðlÞ ⇔

1�
X∞

k¼2

h
1þl

�
½k�q�1

�in½k�qðe�iqþwÞ�e�iq�z

z�w
akzk�1s0

ð15Þ
Proof: From theorem 2.1, we find that f2 Sn)q;z;wðlÞ
if and only if (6) holds, for all L ¼ Lq ¼ e�iqþz

z�w
and

also L ¼ 1: The left-hand side of (6) can be writ-
ten as

1
z

"
Dn

q;lf ðzÞ)
 

z
ð1� zÞ�1� qz

�� Lqz2

ð1� zÞ�1� qz
�
!#

¼ 1
z

n
zvqDn

q;lf ðzÞ � L
h
zvqDn

q;lf ðzÞ �Dn
q;lf ðzÞ

io
ð16Þ

¼ 1�
X∞

k¼2

�
½k�qðL� 1Þ � L

�h
1þ l

�
½k�q � 1

�in
akzk�1

¼1�
X∞

k¼2

h
1þl

�
½k�q�1

�in½k�qðe�iqþwÞ�e�iq�z

z�w
akzk�1

3. Coefficient estimates

As an application of theorem 2.2, we next deter-
mine coefficient estimate and inclusion property for
a function to be in the class Sq;z;wn)ðlÞ

Theorem 3.1. If the function f satisfies:

X∞

k¼2

�
½k�qð1�wÞ�1þz

�h
1þl

�
½k�q�1

�in
jakj

� z�w;

then f2Sn)
q;z;wðlÞ

Proof: Since�����1�
X∞

k¼2

h
1þl

�
½k�q�1

�in½k�qðe�iqþwÞ�e�iq�z

z�w
akzk�1

�����

>1�
X∞

k¼2

�����
h
1þl

�
½k�q�1

�in½k�qðe�iqþwÞ�e�iq�z

z�w

�����jakj

¼1�
X∞

k¼2

h
1þl

�
½k�q�1

�in���½k�qðe�iqþwÞ�e�iq�z

���
z�w

jakj

>1�
X∞

k¼2

h
1þl

�
½k�q�1

�in½k�qð1�wÞ�1þz

z�w
jakj>0;

the result follows from theorem 2.2.
Taking q/1� in theorems 2.1, 2.2, and 3.1, we

obtain.

Corollary 3.1. the function f2Sn)l ðaÞð0� a < 1Þ ⇔

1
z

"
Dn

l f ðzÞ)
z� Lz2

ð1� zÞ2
#
s0 ðz2UÞ

c L ¼ Lq ¼ e�iqþz
z�w

and also L ¼ 1.

Corollary 3.2. the function f2 Sn)z;wðlÞ ⇔

1�
X∞

k¼2
½1þ lðk� 1Þ�nkðe

�iq þwÞ � e�iq � z

z�w
akzk�1s0:

Corollary 3.3. the function f2 Sn)z;wðlÞ ⇔X∞

k¼2
ðkð1�wÞ � 1þzÞ½1þ lðk� 1Þ�njakj � z�w:

Putting z ¼ 1� 2a ð0� a < 1Þ and w ¼ �1 in Theo-
rems 2.1 and 2.2, we obtain.

Corollary 3.4. the function f2Sn)q ða; lÞð0� a < 1Þ⇔

1
z

"
Dn

q;lf ðzÞ)
z�Mqz2

ð1� zÞ�1� qz
�
#
s0 ðz2UÞ
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cM¼Mq¼ðe�iq þ 1� 2aÞ
2ð1� aÞ ;0�a < 1;and alsoM¼1:

Corollary 3.5. the function z2Sn)q ða; lÞ⇔

1�
X∞

k¼2

h
1þl

�
½k�q�1

�in½k�qðe�iq�1Þ� e�iq�1þ2a

2ð1�aÞ
akzk�1s0

Remark. Putting n¼0 in theorems 2.1, 2.2, and 3.1,
we obtain the corresponding results obtained by
Seoudy and Aouf [10].

4. Conclusion

Throughout the paper, first by using the definition
of q-Al-Oboudi derivative operator and the concept
of subordinating, we defined new class. After that,
we used the new operator to introduce the new class
Sn)q;z;wðlÞ which generalized classes of univalent
functions. Finally, we obtained convolution proper-
ties results and coefficient estimates for this class
and its subclasses. Our results generalize previous
results.

5. Future studies

The authors suggest studying inclusion results of
the defined class.
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