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ORIGINAL ARTICLE

Approximating Special Monogenic Functions in
Clifford Analysis

Gamal Farghaly Hassan, Aly Mohamed Saddeek, Amira Adel Atta*

Department of Mathematics, Faculty of Science, Assiut University, Assiut, Egypt

Abstract

This paper deals with the approximation of specific classes of special monogenic function using exponential-derived
and integral bases in Clifford analysis. To underscore the superiority of our results we provide illustrative examples and
applications. These findings results extend existing knowledge from complex and quaternion forms to the context of
Clifford analysis 2000 Mathematics Subject Classification: 30G35, 41A10.

Keywords: Tr-property, Clifford algebra, Effectiveness, Exponential operators, Order, Type

1. Introduction

T he theory of basic sets of polynomials (BPs)
represents a crucial role in numerous branches

of mathematics. It plays an essential role in many
theoretical and practical areas such as partial differ-
ential equations, nonlinear analysis, mathematical
physics, approximation theory, and mathematical
modeling. The scientific basis of the BPs theory was
established in the 20th century [1], see also [2e4]. It
says that if f ðzÞ is any analytic function, then f ðzÞ has
an approximation value by using a base of fPnðzÞg as
f ðzÞ �

P
n an PnðzÞ. It should be noted that the basic

series is a generalization of a Taylor series, where
PnðzÞ can be Chebyshe, Lagendre, Hermite,
Laguerre, Bessel, Euler, and Bernoulli polynomials
[5e8].
In [1,2], the authors initiated the study of BPs by

considering regions of open and closed disks in one
complex variable. The BPs have been generalized
and extended in many directions [9e12]. One of the
extensions is due to Abul-Ez and Constales, Abul-
Ez, and Abul-Ez [12e14] and Abul-Ez et al. [9].
They presented some results in several domains

(hyperballs, open hyperballs, open balls containing
closed balls, origin, whole space) in Clifford

analysis. Another direction of extensions refers to
Malonek [15], Kishka et al. [10], El-sayed [11],
Kumuyi and Nassif [16], El-sayed and Kishka [17],
they employed appropriate functions in several
complex variables in polycylinderical, hyper-
spherical and hyperelliptical regions. So (BPs) is
explored in two directions: Several Complex Vari-
ables (S.C.V.) and Clifford Analysis. Through S.C.V.,
the theory of BPs are generalized from plane to
spaces of the even dimensions (Cn � R2n; n2N). In
Clifford analysis, BPs extend from plane to spaces of
both even and odd dimensions, as in Am (Rmþ1, m
2N).
In a recent paper, Hassan et al. [18] established a

new approach of BPs of special monogenic poly-
nomials in Fr'echet modules. The derivative of a
complex function is a multifaceted analytical
approach having topological and algebraic aspects.
The derivative of BPs in one complex variable (resp.,
several variables) that are defined for open disks
and closed disks (resp., polycylinderical, hyper-
spherical, and hyperelliptical regions) can be found
in references [17,19,20] (resp., [10,11,16,17,21]).
Recently, the framework of hypercomplex deriva-
tive bases of special monogenic polynomials in
Clifford analysis has emerged as a very powerful
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and important tool in the theory of Clifford algebras
[22,23].
The purpose of this paper is to introduce two

different classes of differential and integral opera-
tors called exponential derived and integral bases.
These operators will be used to deal with special
monogenic polynomials in Clifford analysis. We
deduce the topological properties of such operators
such as convergence, effectiveness, Tr-property,
order and type. Finally, we provide some examples
and applications. The results here extend and
improve the corresponding results announced by
[24].

2. Preliminaries

Let R be the set of real numbers. Let E (resp., O)
denote the set of even (resp., odd) integers.
The real Clifford analysis Am is a 2m -dimensional

algebra with unit defined as follows: Given the
orthogonal basis e0; e1;…; em of the linear space Am

(in other words Rmþ1). The basis is determined by
eiej þ ejei ¼ �2dij for i; j ¼ 1;…;m. Let U be an open
set of Am. If x2Am, then xdx0 þ

Pm
i¼1eixi, where

xi2 R and e0 ¼ 1. The conjugate of x is x, where xd
x0 �

Pm
i¼1eixi as ei ¼ �ei for i ¼ 1;…;m and e0 ¼

e0 ¼ 1. jxj is the norm of x and is defined by jxj ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPm
i¼0x

2
i

q
¼

ffiffiffiffiffi
xx

p
¼

ffiffiffiffiffi
xx

p
. The inverse of x is x�1 and

is equal to x
jxj2 (c x2Am and xs0). If ; y2Am , then

jxyj � 2mjxj jyj. In Am the generalized Cauchy-Rie-
mann operator is defined by D ¼

Pm
i¼0ei

v
vxi

(for more
details, see [15,25e27]).

Definition 2.1. Let f ðmÞ : U/Am, m � 0 be an
Am-valued function. Then f ðmÞ is called monogenic If
Df ðmÞ ¼ f ðmÞD ¼ 0 in U.

Definition 2.2. A polynomial PðmÞðxÞ is called special
monogenic (SMP) iff DPðmÞ ðxÞ ¼ 0 and there is ai;j2
Am such that PðmÞ ðxÞ ¼

Pa
i;jx

ixjai;j, a<∞:

Definition 2.3. The function f ðmÞ is called special
monogenic in U if the following axioms hold:

(1) U is connected and open subset of Am containing
zero.

(2) The generalization form of the Taylor series of
f ðmÞ near zero (it must exist) is given by f ðmÞðxÞ ¼P∞

n¼0P
ðmÞ
n ðxÞ; where PðmÞ

n ðxÞ is SMP.

Definition 2.4. A homogeneous SMP PðmÞ
n ðxÞ, x2Am

is a function of the form PðmÞ
n ðxÞ ¼ pðmÞ

n ðxÞ an , where

an2Am and pðmÞ
n ðxÞ is given by

pðmÞ
n ðxÞ¼ n!

ðmÞn

X
kþl¼n

�
m�1
2

�
k

k!

�
mþ1
2

�
l

l!
xkxl ð2:1Þ

where ðbÞl ¼ bðbþ1Þ…ðbþl� 1Þ and x2Am, b2 R.

Remark 2.1. The SMP sequence fPðmÞ
n ðxÞg from an

Appell sequence if it satisfies that v
vx0
pðmÞ
n ðxÞ ¼

npðmÞ
n�1ðxÞ:

For further information on monogenic functions,
one can refer to [13,22,27e29].

Definition 2.5. A unitary left module X over Am

is an abelian group ðX; tÞ with a mapping Am � X/X;
ðl; f ðmÞÞ/lf ðmÞ such that for all l;m2X and
f ðmÞ; rðmÞ2Am such that the following axioms hold:

(1) ðl þ mÞf ðmÞ ¼ lf ðmÞ þ mf ðmÞ;

(2) ð lmÞf ðmÞ ¼ lðmf ðmÞÞ;
(3) lðf ðmÞ þ rðmÞÞ ¼ lf ðmÞ þ lrðmÞ;

(4) e0f ðmÞ ¼ f ðmÞ:

A unitary right module can be defined analogously
as follows:

Definition 2.6. A unitary right module X over Am
is an abelian group ðX; tÞ with a mapping X� Am/X;
ðf ðmÞ; l Þ/f ðmÞ l such that for all l;m2X and
f ðmÞ; rðmÞ2Am such that the following axioms hold:

(1) f ðmÞðl þ mÞ ¼ f ðmÞlþ f ðmÞm;

(2) f ðmÞð lmÞ ¼ ðf ðmÞlÞm,
(3) ðf ðmÞ þ rðmÞÞl ¼ f ðmÞlþ rðmÞl,
(4) f ðmÞe0 ¼ f ðmÞ.

It should be noted that if X is a field, then a unitary
right (resp. left) module is a linear space and if
Re0 ¼ A03Am, then X becomes a real linear space.
In the sequel, all modules will be unitary right
modules.
Let XR be a unitary right module over Am, A func-
tion k:k : XR /½0;∞Þ, is called a seminorm on XR, if
it fulfills for all f ðmÞ; rðmÞ2XR; l2Am and k2R:

(1)
��f ðmÞ þ rðmÞ�� �

��f ðmÞ��þ ��rðmÞ��,
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(2)
��f ðmÞ�� ¼ 00f ðmÞ ¼ 0,

(3) there exists c � 1 such that
��f ðmÞl

�� � cjlj
��f ðmÞ��

and
��f ðmÞk

�� � cjkj
��f ðmÞ��.

If P is a family of seminorms on XR, then a subset Q
of P is said to be a base of seminorms for P, if for
each p2P there is a q2Q and a positive real s such
that p � sq.

Definition 2.7. Let P be a family of countable proper
system of seminorms on XR:

(1) If for any finite number p1;p2;…;pl2P, with l> 0,
there are p2P and C> 0 such that, for all f ðmÞ2

XR, supk¼1;…;lPkðf ðmÞÞ � Cpðf ðmÞÞ, then P is called a
proper system of seminorms on XR.

(2) If ðXR;PÞ is a seminormed Hausdorff topological
space such that j< l implies that Pjðf ðmÞÞ � Pk

ðf ðmÞÞ for all f ðmÞ2XR and for all f ðmÞ2U⊆XR,
there are e> 0 and M> 0 such that
fgðmÞ 2XR : Pjðf ðmÞ � rðmÞÞ � eg3U for all j � M
and XR is complete with respect to the metric
topology, then XR is called Fr�echet module.

(3) A sequence ðPnÞn�0 in a Fr�echet module XR is
said to converge to an element f ðmÞ2XR if and

only if, for all Pj2P, we have lim
n/∞

Pjðf ðmÞ
n �

f ðmÞÞ ¼ 0:

Definition 2.8. A Banach module over XR is an XR

over Am equipped with a function��:��Am
: Am /½0;∞Þ such that for all f ðmÞ; rðmÞ2Am

and l2XR:

(1)
��0��Am

¼ 0;

(2)
��f ðmÞ þ rðmÞ��

Am
�
��f ðmÞ��

Am
þ
��rðmÞ��

Am
,

(3) there exists c> 0 such that
��f ðmÞl

��
Am

� cjlj
��

f ðmÞ��
Am

,

(4)
��f ðmÞ��

Am
¼ 00f ðmÞ ¼ 0Am ,

(5) Am is complete with respect to the metric
dðf ðmÞ; rðmÞÞ ¼

��f ðmÞ � rðmÞ��
Am

.

It should be noted that a Banach module is a Fr�echet
module over Am.
Given an open ball SðRÞ and a closed ball SðRÞ with
both having a radius R> 0 and given an open ball
SþðRÞ enclosing the closed ball SðRÞ. We then
consider: T ½SðRÞ� ¼ frðmÞ 2T ½SðRÞ� : rðmÞðxÞ is SMF
cx2SðRÞg; T ½SðRÞ� ¼ frðmÞ 2T ½SðRÞ� : rðmÞðxÞ is

SMFcx2SðRÞg; T ½SþðRÞ�¼frðmÞ2T ½SþðRÞ�:rðmÞðxÞ is
SMF cx2SþðRÞg; T ½∞�¼rðmÞ2T ½∞�:rðmÞðxÞ is an
entire SMF in Amg; T ½0þ�¼frðmÞ2T ½0þ�:rðmÞðxÞ is
SMF at the origin}. Then the countable family of a
proper system of seminorms (which defines a
Fr�echet module) of each of the sets mentioned above
are given respectively by:

��rðmÞ��
R* ¼ supSðR*Þ

��rðmÞðxÞ
��;

x2AmcR*<R; rðmÞ2T ½SðRÞ�;
��rðmÞ��

R ¼ supSðRÞ��rðmÞðxÞ
��; x2Am; rðmÞ2T ½SðRÞ�;

��rðmÞ��
R* ¼ supSðR*Þ��rðmÞðxÞ

��; x2AmcR<R*; rðmÞ2T ½SþðRÞ�;
��rðmÞ��

n¼
supSðnÞ

��rðmÞðxÞ
��; x2Am; n<∞; crðmÞ2T ½∞�;��rðmÞ��

e
¼ supSðeÞ

��rðmÞðxÞ
��; x2Am;e>0;crðmÞ2T ½0þ�

where SðeÞ is a closed ball of radius e surrounding 0.

Definition 2.9. Let fPðmÞ
n ðxÞg be a sequence of

Fr�echet module XR. Then PðmÞ
n ðxÞ is a base, if it can

be expressed in the form

pðmÞ
n ðxÞ¼

X
k

PðmÞ
k p

ðmÞ
n;k ;p

ðmÞ
n;k2Am ð2:2Þ

Where

PðmÞ
n ðxÞ¼

X
k

pðmÞ
k PðmÞ

n;k ;P
ðmÞ
n;k 2Am ð2:3Þ

PðmÞ ¼ ðpðmÞ
n;k Þ and PðmÞ ¼ ðPðmÞ

n;k Þ are the Clifford
matrices of operators and coefficients of the base
fPðmÞ

n ðxÞg in Am.

Remark 2.2. Every simple base is a base of degree
n ðn2NÞ and every Cannon base (i.e.,

lim sup
n/∞

fNng
1
n ¼ 1, where Nn is the number of non-

zero terms p
ðmÞ
n;k in (2.2)) is also a base.

Theorem 2.1. [13] The necessary and sufficient condi-
tion for a SMP to be a base in SðRÞ is PðmÞPðmÞ ¼
PðmÞPðmÞ ¼ I, where I is unit matrix.

Remark 2.3. For Appell SMP, the Cauchy’s inequality
in the neighborhood of SðRÞ, can be written as

���PðmÞ
n;i

����
��PðmÞ

n

��
R

Ri
ð2:4Þ

If rðmÞðxÞ ¼
P

n p
ðmÞ
n ðxÞaðmÞ

n ðxÞ is a SMF on a Fr�echet
module XR, then one can write

rðmÞðxÞ¼
X

k
PðmÞ
n ðxÞPn

�
rðmÞ� ð2:5Þ
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where

Pn
�
rðmÞ�¼X

k
p
ðmÞ
n;k ak

�
rðmÞ� ð2:6Þ

Definition 2.10. A base fPðmÞ
n ðxÞg in a Fr�echet module

XR is called effective, if the basic series (2.5) converges
uniformly to rðmÞðxÞ on XR.
The Cannon function lPðmÞ ðRÞ concerning the
effectiveness of the base in the Fr�echet module XR, is
given by

lPðmÞ ðRÞ¼ lim sup
n/∞

n
uPðmÞ

n
ðRÞ
o1

n ð2:7Þ

Where

uPðmÞ
n
ðRÞ¼

X
k

��PðmÞ
k p

ðmÞ
n;k

��
R

ð2:8Þ

��PðmÞ
n

��
R¼ sup

SðRÞ

��PðmÞ
n ðxÞ

�� ð2:9Þ

Theorem 2.2. Let fPðmÞ
n ðxÞg be a sequence of bases

in Fr�echet modules ½SðRÞ�; T ½SðRÞ�; T ½SðRþÞ�,
T ½∞� or T ½0þ�. Then fPðmÞ

n ðxÞg is effective if and only
if lPðmÞ ðRÞ ¼ R, lPðmÞ ðR*Þ<R cR* <R, lPðmÞ ðRþÞ ¼ R,
lPðmÞ ðRÞ<∞cR <∞, or lPðmÞ ð0þÞ ¼ 0, respectively.

Definition 2.11. The order rPðmÞ and type tPðmÞ of a

base fPðmÞ
n ðxÞg of SMP are defined as follows:

rPðmÞ ¼ lim
R/∞

lim sup
n/∞

loguPðmÞ
n
ðRÞ

n log n
ð2:10Þ

tPðmÞ ¼ lim
R/∞

e
r
lim sup

n/∞

n
uPðmÞ

n
ðRÞ
o 1

nr

n
ð2:11Þ

If a base fPðmÞ
n ðxÞg is of order rPðmÞ (resp., type tPðmÞ ),

then it will represent in any SðRÞ every entire
SMF of order 1

r
PðmÞ

(resp., type 1
t
PðmÞ

).

Definition 2.12. The Tr�property of SMP inT ½SðRÞ�;
T ½SðRÞ� or at the origin, where 0<r <∞, means that the
SMP represents all entire SMFs of order less than r in the
same domain.

Theorem 2.3. A SMP has Tr-property in T ½SðRÞ�;
T ½SðRÞ� or at the origin iff uPðmÞ ðRÞ � 1

r
,

uPðmÞ ðR*Þ � 1
r
cR* <R or uPðmÞ ð0þÞ � 1

r
, respectively,

where

uPðmÞ ðRÞ¼ lim sup
n/∞

log uPðmÞ
n
ðRÞ

n log n
ð2:12Þ

For more properties, one can see [13,27].

3. Exponential operators on SMPs

We now, state the new classes of exponential de-
rivative-type and integral-type operators in Am.

Definition 3.1. Let fPðmÞ
n ðxÞg be a base. Then:

(1) the exponential derivative operator EXP(q), is
defined by

EXPðqÞpðmÞ
n ðxÞ¼ enpðmÞ

n ðxÞ ð3:1Þ

(2) (ii) the exponential integral operator EXP(x), is
defined by

EXPðxÞpðmÞ
n ðxÞ¼ e

1
nþ1pðmÞ

n ðxÞ ð3:2Þ
Now, for qj ¼ qqj�1; j2N; we introduce a q-oper-

ator as n
nþ1

v
vx0
pðmÞ
nþ1ðxÞ ¼ qpðmÞ

n ðxÞ and for xi ¼ xxi�1; i2

N; we introduce a x -operator as n
nþ1I0p

ðmÞ
n�1ðxÞ ¼

xpðmÞ
n ðxÞ.

Then from (2.3), we have

EXPðqÞPðmÞ
n ðxÞ¼

X
k

ekpðmÞ
k ðxÞ PðmÞ

n;k ð3:3Þ

EXPðxÞPðmÞ
n ðxÞ¼

X
k

ee
1

kþ1pðmÞ
k ðxÞ PðmÞ

n;k ð3:4Þ

In the sequel, we shall write fEðm;qÞ
n ðxÞg (resp.,

fEðm;xÞ
n ðxÞg) abbreviation of fEXPðqÞPðmÞ

n ðxÞg (resp.,
fEXPðxÞPðmÞ

n ðxÞg).
Now, we establish the following theorem:

Theorem 3.1. Let fPðmÞ
n ðxÞg be a base of SMPs in Am.

Then fEðm;qÞ
n ðxÞg is also a base.

Proof. Since every matrix of coefficients (resp., opera-
tors) of fEðm;qÞ

n ðxÞg can be expressed as

Eðm;qÞ ¼
�
Eðm;qÞ
n;k

�
¼
�
ekPðmÞ

n;k

� 	
resp:;Pðm;qÞ ¼

�
p
ðm;qÞ
n;k

�

¼
	
1
en
p
ðmÞ
n;k




; it follows that

Eðm;qÞPðm;qÞ ¼
 X

k

Eðm;qÞ
n;k p

ðm;qÞ
k;n

!
¼
 X

k

PðmÞ
n;k p

ðmÞ
k;n

!
¼ I:

Similarly
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Pðm;qÞEðm;qÞ ¼
 X

k

p
ðm;qÞ
n;k Eðm;qÞ

k;n

!
¼
 
ek

en
X
k

p
ðmÞ
n;k P

ðmÞ
k;n

!
¼ I:

Hence, by Theorem 2.1, we conclude that fEðm;qÞ
n ðxÞg

is also a base.

In a similar way, one can show that fEðm;xÞ
n ðxÞg is also a

base, whenever fPðmÞ
n ðxÞg is a base in Am.

4. Effectiveness of Eðm;qÞ
n ðxÞ and Eðm;xÞ

n ðxÞ
In this section, we state some results concerning to

the effectiveness in Fr�echet modules.

Theorem 4.1. The fEðm;qÞ
n ðxÞg is effective for T ½SðRÞ�, if

the following conditions hold:

(1) the base fPðmÞ
n ðxÞg of SMP is effective for T ½SðRÞ�.

(2) lim
n/∞

Dn
n ¼ 1, where Dn is the highest degree of (2.2).

Proof. Since fPðmÞ
n ðxÞg is a base, it follows that

k PðmÞ
n kR ¼ sup

SðRÞ

��PðmÞ
n ðxÞ

�� and k Eðm;qÞ
n kR ¼ sup

SðRÞ

��Eðm;qÞ
n

ðxÞ
��.

Simplifying, we have

k Eðm;qÞ
n p

ðm;qÞ
n;k kR¼ sup

SðRÞ

���Eðm;qÞ
n ðxÞpðm;qÞ

n;k

���¼ sup
SðRÞ

����� X
j

ejpðmÞ
j PðmÞ

k;j

!
p
ðmÞ
n;k

en

�����
� 2m

��PðmÞ
n p

ðmÞ
n;k

��
R

X
j

ej¼2m
��PðmÞ

n p
ðmÞ
n;k

��
R
edkðdkþ1Þ

ð4:1Þ

where the degree dk of P
ðmÞ
k ðxÞ, should be less than or

equal to Dk.
Using (2.8) and (2.7) we get

uEðm;qÞ
n

ðRÞ¼
X
k

��Eðm;qÞ
k p

ðm;qÞ
n;k

��
R
� 1
en
X
k

��PðmÞ
k p

ðmÞ
n;k

��
R
edk

ðdkþ1Þ�2m
1
en
ednðdnþ1ÞuPðmÞ

n
ðRÞ�2meDn�n

ðDnþ1ÞuPðmÞ
n
ðRÞ

ð4:2Þ
This implies that lEðm;qÞ � lPðmÞ � R. This, together

with the fact lEðm;qÞ � R, implies that lEðm;qÞ ¼ R and the
desired conclusion is reached.

Remark 4.1. Theorem 4.1 is still true, if we replace

fEðm;qÞ
n ðxÞg by fEðm;xÞ

n ðxÞg.

Theorem 4.2. Both fEðm;qÞ
n ðxÞg and fEðm;xÞ

n ðxÞg are
effective for T ½SðRÞ�; T ½SðRþÞ�; T ½0þ� and T ½∞�
spaces, if the following conditions are satisfied:

(1) the base fPðmÞ
n ðxÞg of SMP is effective for T ½SðRÞ�;

T ½SðRþÞ�; T ½0þ� and T ½∞�; respectively,
(2) lim

n/∞
Dn
n ¼ 1, where Dn is the highest degree of (2.2).

The proof of Theorem 4.2 is similar to [30] and The-
orem 4.1, so we omit the details.
We give an example to show that the hypothesis (ii) in
Theorem 4.1 is necessary.

Example 4.1. Suppose fPðmÞ
n ðxÞg is a base of SMP such

that

PðmÞ
n ðxÞ¼

8<
: pðmÞ

n ðxÞ;n2E;

pðmÞ
n ðxÞ þ pðmÞ

l ðxÞ; l¼ 2n;n2O:

If n2E, then

pðmÞ
n ðxÞ¼PðmÞ

n ðxÞ0uPðmÞ
n
ðRÞ¼Rn0uPðmÞ

n
ð1Þ¼1;

when R¼10 lim
n/∞

n
uPðmÞ

2n
ð1Þ
o 1

2n¼1

If n2O, then

pðmÞ
n ðxÞ¼PðmÞ

n ðxÞ � PðmÞ
l ðxÞ0uPðmÞ

n
ðRÞ

¼Rnþ2Rl0uPðmÞ
n
ð1Þ¼3;when

R¼10 lim
n/∞

n
uPðmÞ

2nþ1
ð1Þ
o 1

2nþ1¼1

Hence fPðmÞ
n ðxÞg is effective for T ½Sð1Þ�.

Construct the set fEðm;qÞ
n ðxÞg as follows:

Eðm;qÞ
n ðxÞ¼

8<
:

enpðmÞ
n ðxÞ;n2E;

enpðmÞ
n ðxÞ þ elp

ðmÞ
l ðxÞ; l¼ 2n;n2O:

If n2E, then

pðmÞ
n ðxÞ¼ 1

en
Eðm;qÞ
n ðxÞ0uEðm;qÞ

n
ðRÞ¼Rn0uEðm;qÞ

n
ð1Þ¼1;

when R¼10 lim
n/∞

n
uEðm;qÞ

2n
ð1Þ
o 1

2n¼1

If n2O, then

pðmÞ
n ðxÞ¼ 1

en

h
Eðm;qÞ
n ðxÞ � Eðm;qÞ

l ðxÞ
i
0uEðm;qÞ

n
ðRÞ

¼Rnþ2enRl0uEðm;qÞ
n

ð1Þ

¼1þ2en 0 lim
n/∞

n
uEðm;qÞ

2nþ1
ð1Þ
o 1

2nþ1¼ e:

Hence fEðm;qÞ
n ðxÞg is not effective for T ½Sð1Þ�.
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As an application of our results, we consider the
following bases fPðmÞ

n ðxÞg and fQðmÞ
n ðxÞg of the Bessel

and generalized Bessel polynomials in T ½SðRÞ�,
respectively:

P
ðmÞ
0 ðxÞ¼1;PðmÞ

n ðxÞ ¼
Xn
k¼0

ðnþ kÞ!
k!ðn� kÞ!2kp

ðmÞ
k ðxÞ; ðn�1Þ;

Q
ðmÞ
0 ðxÞ¼1;QðmÞ

n ðxÞ

¼ 1þ
Xn
k¼0

n!ðnþ b� 1Þðnþ bÞ…ðnþ kþ b� 2Þ
k!ðn� kÞ!ak

� pðmÞ
k ðxÞ:

According to [6,7], we have that both
fPðmÞ

n ðxÞg and fQðmÞ
n ðxÞg are effective for T ½SðRÞ� and

condition (ii) of Theorem 4.1 holds. Then as an imme-
diate application of Theorem 4.1 and Remark

4.1, we conclude that fPðm;qÞ
n ðxÞg, fPðm;xÞ

n ðxÞg, fQðm;qÞ
n

ðxÞg and fQðm;xÞ
n ðxÞg are also effective for T ½SðRÞ�.

5. Computations of order, type and
Tr-property

In this section, we study the relationship between

rPðmÞ , tPðmÞ of fPðmÞ
n ðxÞg and rEðm;qÞ , tEðm;qÞ of fEðm;qÞ

n ðxÞg.

Theorem 5.1. If fPðmÞ
n ðxÞg is a SMPs of order rPðmÞ

and type tPðmÞ such that

Dn¼O½n� ð5:1Þ
Then the following statement holds:

rEðm;qÞ � rPðmÞ and tEðm;qÞ � tPðmÞ , whenever rEðm;qÞ ¼ rPðmÞ ,

where rEðm;qÞ is the order (resp., type) of fEðm;qÞ
n ðxÞg.

Proof. It follows from (2.10) and (4.2), that:

lim
R/∞

limsup
n/∞

log uEðm;qÞ
n

ðRÞ
n log n

lim
R/∞

limsup
n/∞

log 2meDn�nðDn þ 1Þ þ loguPðmÞ
n
ðRÞ

n log n
:

This implies that rEðm;qÞ � rPðmÞ .
From rEðm;qÞ ¼ rPðmÞ and (2.11), we have

lim
R/∞

e
rEðm;qÞ

limsup
n/∞

n
uEðm;qÞ

n
ðRÞ
o 1

nðrEðm;qÞ Þ

n

� lim
R/∞

e
rPðmÞ

limsup
n/∞

n
uPðmÞ

n
ðRÞ
o 1

nðrPðmÞ Þ

n
;

which gives tEðm;qÞ � tPðmÞ . Thus the theorem is proved.
Giving an example which supports Theorem 5.1:

Example 5.1. Suppose fPðmÞ
n ðxÞg is a base of SMP

such that PðmÞ
0 ¼ 1, PðmÞ

n ¼ nn þ pðmÞ
n ðxÞ.

Then

uPðmÞ
n
ðRÞ¼2nn þRn;

rPðmÞ ¼ lim
R/∞

limsup
n/∞

logð2nn þRnÞ
n log n

¼1;

tPðmÞ ¼ lim
R/∞

e
1
limsup

n/∞

f2nn þRng
1
n

n
¼ e:

Constructing the corresponding fEðm;qÞ
n ðxÞg base as

following: Eðm;qÞ
0 ¼ 1, Eðm;qÞ

n ¼ nn þ enpðmÞ
n ðxÞ.

Then

uEðm;qÞ
n

ðRÞ¼2nn

en
þRn;

So that

rEðm;qÞ ¼ lim
R/∞

limsup
n/∞

log
	

2nn
en þRn



n log n

¼1;

tEðm;qÞ ¼ lim
R/∞

e
1
limsup
n/∞

�
2nn
en þRn

�1
n

n
¼ e:

Hence the two bases fPðmÞ
n ðxÞg and fEðm;qÞ

n ðxÞg have
the same order 1 and type e in T ½SðRÞ�:
Next example shows the importance of condition (5.1).

Example 5.2. Suppose fPðmÞ
n ðxÞg is a base of SMP in

such that

PðmÞ
n ðxÞ¼

8<
:

pðmÞ
n ðxÞ;n2E;

pðmÞ
n ðxÞ þ y

b2y
pðmÞ
2y ðxÞ; y¼ nn;R¼ b n2O:

If n2O, then

pðmÞ
n ðxÞ ¼ P

ðmÞ
n ðxÞ � y

b2y
PðmÞ
2y ðxÞ0uPðmÞ

n
ðRÞ

¼Rnþ2y
	
R
b


2y

;but R¼b0uPðmÞ
n
ðRÞ¼Rnþ2y

0rPðmÞ ¼ lim
R/∞

limsup
n/∞

logðRn þ 2yÞ
n log n

¼1:

Hence fPðmÞ
n ðxÞg is of order 1 in T ½SðRÞ�:

construct the set fEðm;qÞ
n ðxÞg as follows:
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Eðm;qÞ
n ðxÞ¼

8<
:

enpðmÞ
n ðxÞ;n2E;

enpðmÞ
n ðxÞþ y

b2y
e2yp

ðmÞ
2y ðxÞ;y¼ nn;R¼ bn2O:

If n2O, then

pðmÞ
n ðxÞ ¼ 1

en
E
ðm;qÞ

n
ðxÞ � y

enb2y
Eðm;qÞ
2y ðxÞ

0uEðm;qÞ
n

ðRÞ¼Rnþ2y
en

	
eR
b


2y

;but R¼b

0uEðm;qÞ
n

ðRÞ¼Rnþ2ye2y

en

0rEðm;qÞ ¼ lim
R/∞

limsup
n/∞

log
	
Rn þ 2ye2y

en



n log n

¼∞:

Hence fEðm;qÞ
n ðxÞg doesn’t achieve the inequality rEðm;qÞ �

rPðmÞ in T ½SðRÞ�:
The following theorem establishes the Tr �
property of fEðm;qÞ

n ðxÞg for T ½SðRÞ�:
Theorem 5.2. The base fEðm;qÞ

n ðxÞ has a Tr �
property in SðRÞ ðR� 0Þ, if:

(i) fPðmÞ
n ðxÞg has Tr-property in SðRÞ;

(ii) lim
n/∞

log Dn
n log n ¼ 0.

Proof. Let uEðm;qÞ be defined by

uEðm;qÞ ðRÞ¼ lim
n/∞

loguEðm;qÞ
n

ðRÞ
n log n

ð5:2Þ

Using (4.2), (2.12) and Theorem 5.2, we have

uEðm;qÞ ðRÞ�uPðmÞ ðRÞ � 1
r
:

Remark 5.1. Theorems 5.1 and 5.2 remain valid if we
replace fEðm;qÞ

n ðxÞg by fEðm;xÞ
n ðxÞg and have similar

proofs.
The following example shows that the condition (5.1) in
Theorem 5.1 is necessary.

Example 5.3. Suppose fPðmÞ
n ðxÞg is a base of SMP such

that PðmÞ
0 ðxÞ ¼ 1, PðmÞ

n ðxÞ ¼ pðmÞ
n ðxÞþ 2bpðmÞ

b ðxÞ, where b
is the nearest natural number to 2n log n:
Then

uPðmÞ
n
ðRÞ¼Rn þ 2bþ1Rb:

If R ¼ 1, then we have

uPðmÞ
n
ð1Þ¼1þ 2bþ1;

uPðmÞ ðRÞ¼ limsup
n/∞

loguPðmÞ
n
ð1Þ

n log n
¼2 log 2

Hence fPðmÞ
n ðxÞg has T 1

2 log 2
-property in T ½SðRÞ�. Let

fEðm;qÞ
n ðxÞg be a base constructed as Eðm;qÞ

0 ðxÞ ¼ 1,

Eðm;qÞ
n ðxÞ ¼ enpðmÞ

n ðxÞþ 2bebpðmÞ
b ðxÞ.

Then

uEðm;qÞ
n

ðRÞ¼Rn þ 2bþ1eb�nRb;

so that

uEðm;qÞ ðRÞ¼ limsup
n/∞

log uEðm;qÞ
n

ð1Þ
n log n

¼2 log 2 e

Hence fEðm;qÞ
n ðxÞg doesn’t have T 1

2 log 2
-property in

SðRÞ:
Finally, we illustrate the usefulness of Theorem 5.2 by
giving some applications. In the field of Clifford analysis,
Hassan and Aloui [5] showed the Bernoulli special
monogenic polynomials fBnðxÞg is of order 1 and type 1

2p
and the Euler special monogenic polynomials fCnðxÞg is
of order 1 and type 1

p
: Also both polynomials have

property T1.
Now, using Theorem 5.2, we obtain the following
results:

(1) The exponential SMP of Bernoulli fBðm;qÞ
n ðxÞg is of

order 1 and type 1
2p.

(2) The exponential SMP of Euler fCðm;qÞ
n ðxÞg is of

order 1 and type 1
p
:

(3) The exponential SMP of Bernoulli fBðm;qÞ
n ðxÞg has

T1-property.
(4) The exponential SMP of Euler fCðm;qÞ

n ðxÞg has
T1-property.

5.1. Conclusions

In this paper, we have established a novel set of
polynomial bases in Am through the utilization of
exponential derived and integral operators in Clif-
ford analysis. The operators can be viewed as a
generalization of the complex form C (when m ¼ 1)
and quaternion form H (when m ¼ 2). We investi-
gated the convergence properties of the effective-

ness of operators Eðm;qÞ
n ðxÞ and Eðm;xÞ

n ðxÞ, analyzing
their order, type and Tr-property. Additionally, we
provided illustrative examples and applications to
elucidate the principal findings.
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