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ORIGINAL ARTICLE

Identification of Identical Bands and Energy
Staggering Phenomena in Superdeformed Nuclei in
A¼190 Mass Region in the Framework of a Novel
Proposed Simple Formula

Farid A. Elmanakely a, Gamal S.M. Ahmed a,*, Shimaa S. Abdelfattah b, Ali M. Khalaf a

a Physics Department, Faculty of Science, Al-Azhar University, Cairo, Egypt
b Physics Department, Faculty of Science (Girls College), Al-Azhar University, Cairo, Egypt

Abstract

A total of 11 superdeformed rotational bands (SDRB's) in the A¼ 190 mass zone were described in the framework of a
novel proposed simple phenomenological rotational formula as outcome of collective model. The proposed model
contains the original pure rotation limit AI (Iþ1) plus perturbation term proportionate to the cubic power of the spin I.
The bandhead spins and the model parameters were selected by a best-fit method, utilizing a computerized search
program to obtain the best match between experimental and calculated transition energies. The spin propositions are
mostly consistent with the findings of earlier works. The calculated gamma-ray transition energies (Eg) over spin (EGOS)
in all SDRBs agree well with experimental data. Detailed assessment of the dynamic moments of inertia with rotational
frequency is surveyed in detail which proves to be quite helpful for understanding the SDRB's properties such as
identical bands (IBs). Four pairs namely: 191Hg (SD2, SD3),193Hg (SD3, SD4),194Hg (SD2, SD3) and 193Pb (SD3, SD4) are
investigated as signature partners which exhibit △I ¼ 1 staggering effects their transition energies. We looked at this
staggering by taking into account parameters that describe the variance between average transitions Iþ2→I→I-2 and the
Iþ1→I-1 energies in its signature partner and a staggering parameter depends on the dipole transition energies con-
necting the two signature partners with that quadrupole transition energies. Large amplitude staggering is found. The
bandhead moments of inertia of each signature partner pairs are found to be identical. Our calculations predicts the
occurrence of △I ¼ 2 staggering effects in 194Hg (SD1, SD2, SD3). This predicted △I ¼ 2 energy staggering has been
inspected by computing parameters to indicate the finite difference approximation to the fourth-order derivative of that
indicating energies. The phenomenon of IB is investigated for the nuclei 191Hg and 192Hg and their neighbors.

Keywords: Collective rotational model, Energy staggering, Identical bands, Signature partner, Superdeformed nuclei

1. Introduction

T he first superdeformed (SD) nucleus was
revealed in 1986 in 152Dy [1]. Now the rapid

experimental progress on high spin states using the
high-resolution gamma(g)-ray multidetector arrays
leads to the discovery of an abundance of super-
deformed rotational bands (SDRB's) in sundry nu-
clear mass ratios ranging from A~ 40 to A~ 240 [2].
Particularly, extensive experimental data was

gained in the A~ 190 region. A characteristic feature
in this region is that the SDRBs were detected at a
bit low spin and extended to ~40-. The majority of
the A 190 SD bands show the same consistent up-
ward trend in the dynamical moment of inertia J(2)

as the rotational frequency (-u) increases. Due to
the sequential alignment of a specific pair of high j
(low U) intruder i13/2 protons and j15/2 neutrons and
from the gradual disappearance of pairing correla-
tions with the collective rotation [3e5].
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One of the most interesting and unpredicted
feature discovered in SD nuclei is the presence of
identical bands (IBs) in several pairs of bands be
owned by neighboring nuclei with different mass
number. Throughout a protracted series of conver-
sions, g-ray transition energies of the SD bands in
deferent nuclei can be similar within a few keV. The
IBs in the two nuclei must have identical dynamical
moments of inertia J(2) and identical alignment over
a large number of conversions. The first IB's were
detected in the A~150 region, which include the
(152Dy, 151Tb*) and (151Tb, 150Gd*) pairs [6,7]. Soon
after, examples were reported around A~190 [8,9].
Now many cases of IB pairs are found both in
normal and superdeformed regions [10,11]. Several
groups attempted to understand the phenomenon
of IBs in the framework of phenomenological and
semi-phenomenological methods [12e16]. The in-
cremental alignment △i is introduced by Stephens
[7,9] to compare the transition energies in SD band
of interest directly to other reference bands. The
benefit of this incremental alignment is that it may
be used without any prior knowledge of the spins of
the states. Transition energies that are almost
similar produce △i values that are extremely close
to zero.
Another interesting feature occur in the SD nuclei

is the detection of △I ¼ 2 staggering in g-ray
transition energies. Rotational sequences in SDRB's
with nuclear spins differing by 2- split into two
branches with spin values I, Iþ4, Iþ8, and Iþ2, Iþ6,
Iþ10, respectively [17e19].
This is also called the △I ¼ 4 bifurcation. The

bifurcation amplitudes are very small (about
0.3 keV). The occurrence of a regular staggering
pattern in SD bands was discussed as potential
proof for fourfold symmetry, the C4p symmetry in
the intrinsic Hamiltonian of the geometric model
[20e23]. Phenomenologically it can be proved that
the appearance of △I ¼ 2 staggering maybe linked
to the occupation of high J intruder orbits from the
N ¼ 6 and N ¼ 7 oscillator shells and that the
intrinsic hexadecapole moments of specific single
particle states may along had a part in producing
the observed △I ¼ 2 staggering [17,24]. Also the
△I ¼ 2 staggering effect was interpreted in many
ways [25,26]. Lately the △I ¼ 2 staggering was
shown in the ground bands of normally deformed
(ND) nuclei like thorium nuclei [27].
There is another kind of staggering that happen in

signature partner pairs of SDRB's called the △I ¼ 1
staggering [28e31]. Most of SDRB's detected in odd-
A and oddeodd nuclei in the mass region A ~190
are signature partner pairs, each pair present a large
amplitude △I ¼ 1 staggering [32,33] and also the

bandhead moments of inertia of each pair are the
same. The magnetic dipole transition M1 connecting
the two signature partners was observed experi-
mentally in 193Tl [29] and 193Hg [34]. The spin as-
signments for most of SDRB's illustrate the most
difficult and unsolved problem. The absolute spins,
parities and excitation energies of SD bands are
unknown and have not been experimentally deter-
mined with the exception that the g-ray decays from
SD to low lying normal deformed states have later
been noted in 194Hg (SD1, SD3) and 194Pb (SD1)
enabling the level spins in the SD nuclei to be
assigned [35e38].
The main purposes of the present work are: (i) To

develop the collective rotational model to propose a
new novel formula for numbering the g-ray transi-
tion energies and level spins in SD bands in the
mass region A~190. (ii) To study the variations of
dynamic J(2) moments of inertia with increasing the
rotational frequency -u. (iii) To investigate the
△I ¼ 1 and △I ¼ 2 staggering in transition en-
ergies. (iv) To search for identical bands.

2. Model and procedure

A very helpful model of nuclear structure for a
nucleus which has a structure away from the closed
shell type is the rotational model. In this model the
excitation spectrum shows the typical rotational
design [39].

EðIÞ¼-2

2J
IðIþ1Þ ð1Þ

where I is the rotational angular momentum and J
signify the moment of inertia about the rotational
axis. For rotational nuclei, the data on the first
excited states of eveneeven nuclei led directly to the
definition of an experimental moment of inertia

J¼ 3-2

E
�
2þ1

� ð2Þ

a similar moment of inertia for the odd nuclei needs
the additional experimental determination of the
spin of the excited state. Although the moment of
inertia can be determined experimentally, it cannot
directly determine by the rotational model because
the moment of inertia J is not always constant, as
would be expected from the rotator formula (1).
In this paper, we may try to increase the early

formula equation (1) by adding second term as
perturbation, to reach a new energy expression as a
first time formula
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EðIÞ¼-2

2J
IðIþ1Þ½1þðaþbIÞ� ð3Þ

we can treat J, a, b as the three model param-
eters. In superdeformed (SD) nuclei the measure-
ments made via experimentation are the g-ray
transition energies Eg(I) between levels differing by
two units of angular momentum, then one can note
the transition energy as:

Eg2ðIÞ¼EðIÞ � EðI�2Þ

¼ -2

2J

�ð1þaÞð4I�2Þþ2b
�
3I2�4Iþ2

�� ð4Þ

Eg2ðIÞ¼A
�
C2I2þC1IþCo

� ð5Þ
with A ¼ -2

2J;Co ¼ � 2� 2aþ 4b;C1 ¼ 4þ 4a�
8b;C2 ¼ 6b.

3. Approximate estimation of bandhead spin
and model parameters

If we clarify the transition energy ratio R as

R¼Eg2ðIo þ 4Þ
Eg2ðIo þ 2Þ ð6Þ

where Io is the bandhead spin, therefore using
equation (1), yield

R¼4Io þ 14
4Io þ 6

ð7Þ
this determine the bandhead spin Io as a first

estimation before using the fitting procedure, the
value of Io is given by [40].

Io¼1
4

�
8EgðIo þ 2Þ

EgðIo þ 4Þ � EgðIo þ 2Þ�6
�

ð8Þ

The corresponding value of the moment of
inertia J becomes.

J¼ 4Io þ 6
Eg2ðIo þ 2Þ ð9Þ

Now, to estimate the model parameters a, b, we
consider the two transition energies

e2¼EðIþ2/ IÞ¼EðIþ2Þ �EðIÞ ð10Þ

e4¼EgðIþ4/ IÞ¼EðIþ4Þ �EðIÞ ð11Þ
Substituting for E from equation (3), yields

e2¼Að4Iþ6Þð1þaÞ þAb
�
6I2þ16Iþ2

� ð12Þ

e4¼Að8Iþ20Þð1þaÞ þAb
�
12I2þ56Iþ80

� ð13Þ

Solving to get a, b yield

Að1þaÞ¼ð1=△Þ ��6 I2þ28Iþ40
�
e2�

�
3I2þ8Iþ6

�
e4
�

ð14Þ

Ab¼ð�1=△Þ ½ð4Iþ10Þe2�ð2Iþ3Þe4� ð15Þ

with△¼24
�
I2þ5Iþ5

� ð16Þ
We can also determine the model parameters

as a first estimation by another general method, by
considering all the experimental transition energies
Eg(I) equation (4) by putting a ¼ A (1 þ a) and
b ¼ Ab, then yield�
Eg2 ðIÞ

� ðIe½Þ�¼4aþ �
6I2e 8 Iþ4

� ðIe½Þ� b�
ð17Þ

The plot of Eg(I)/(Ie½) against (6I2e8Iþ4)/(Ie½)
give a straight line of slope b and intersect 4a. That is
the two parameters a, b are determined as a first
estimation.

4. Rotational frequency and moments of
inertia

The deviations from the rotational energy equa-
tion (1) may be showed as a dependence of the
moment of inertia J on the rotational frequency (-u).
The moment of inertia J is defined as the ratio of the
angular momentum (-Î) to the angular frequency
(u);

J¼-
bI
u
;bI ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

IðIþ 1Þ
p

ð18Þ
The -u is obtained from the canonical equation,

-u¼dE =dÎ ð19Þ
We thus obtain

I¼-2

2



dE

dbI
��1

ð20Þ

For SD bands, g-ray transition energies are the
only spectroscopic data available. In order to
compare the SD bands’ structures, information
regarding their g-ray energies was typically con-
verted into values for the dynamical moment of
inertia.

Jð2Þ ¼ dbI
du

y
DI
Du

¼ 2

D



1
2Eg

�¼ 4
DEg

ð21Þ

Where △Eg is the variation between two successive
g-ray energies in the cascade,
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△Eg¼EgðIþ2Þ �EgðIÞ
For the discrete experimental spectra, equation

(1) and equation (21) may be used to produce a
value of the kinematic moment of inertia

Jð1Þ ¼ ð2Ie 1Þ� EgðI/ I�2Þ ð22Þ

5. Identical bands

The discovery that multiple distinct nuclei with
various mass numbers can have SD bands with
almost similar transition energies to within an
average of around 1e3 keV over huge spin periods
is one of the more interesting results of the research
of SD nuclei. Because the transition energy is
approximately twice as the rotational frequency, the
rotational frequencies of the two bands must be
quite comparable, which suggests that the dynam-
ical moments of inertia are almost identical. The
initial discovery was that a SD (be ¼ 0.6) in151Tb
possessed a band of levels whose transition energies
were almost identical to those of an SD band in the
isotone. A band of levels whose transition energies
were essentially equal to those of a SD band in the
isotone 152Dy [6].
As an example in the A~ 190 region, it is discov-

ered that over a spin range of 20-, the transitions of
an excited band in 194Hg are within roughly 1 keV of
those of the yrast band in 192Hg. In comparison to
A150, A190 contains significantly more instances of
identical SD bands.
The origin and the abundance of the identical

bands phenomenon were investigated, but no
definitive interpretation had appeared. This phe-
nomenon had great deal of attention [12e16]. To
compare between SD bands, Stephens [7] proposed
the incremental alignment △i defined by:

Di¼2
DEg

DEref
g

ð23Þ

where △Eg is determined by deducting the transi-
tion energy in the interest band A from the nearest
transition energy in the reference SD band B, and D
Eref
g is determined as the difference in energy be-

tween the two nearest transitions in the SD bands of
reference B, which is

Di¼EA
gðIþ 2Þ � EB

gðIÞ
EB
gðIþ 2Þ � EB

gðIÞ
ð24Þ

where A is the target nucleus and B is the reference
nucleus.
Staggering of the transition energies for SDRB's

The△I ¼ 2 staggering in transition energies of SD
bands shows that there is a proportionate shift be-
tween the levels with angular momentum I, Iþ4,
Iþ8, and the levels with angular momentum Iþ2,
Iþ6, Iþ10,…The△I ¼ 2 staggering effect (or△I ¼ 4
bifurcation) in transition energies of some SD bands
had attracted much interest. To make this effect
simple, the energy difference △Eg between two
successive g-ray transitions after the subtraction of a
smooth reference must be calculated which can be
written as

d
�
DEg

�¼DEg �DEref
g ð25Þ

Using the notation of Flibotte et al. [17], (four
pint formula) for the DEref

g , we have

d
�
△EgðIÞ

�¼ð1 = 8Þ �EgðIþ 2Þ� 3EgðIÞþ 3EgðI� 2Þ

�EgðI� 4Þ� ð26Þ

where Eg(I) is the change from an I spin state to an I-
2 spin state.
If we give the definition of Cederwall et al. [18],

(five point formulaj) the difference is given by;

d
�
△EgðIÞ

�¼ð1 = 16Þ�EgðIþ 4Þ� 4EgðIþ 2Þþ 6EgðIÞ

� 4EgðI� 2ÞþEgðI� 4Þ� ð27Þ

The rotational energies in some SD bands, are
irregular and the d (△Eg) reveals a zigzagging
pattern between adjacent spin states. To observe
small differences in the transition energies, we
introduce the staggering parameter S (I) such as
[41],

SðIÞ¼d
�
△Eg

�
exp� �

△Eg

�
cal ð28Þ

Another kind of staggering was observed in
signature partner pairs of SDRB's in oddeodd and
odd - mass nuclei. This is the△I ¼ 1 staggering, it is
a shift of energy levels with spin I in a band and
energy levels with spin I±1 in another band of the
signature partner. Most of these signature partners
in the mass region A~190 demonstrate a large
amplitude staggering and each pair's bandhead
moments of inertia are very identical.
In order to explore the △I ¼ 1 staggering in

signature partner pair of bands, one must educe the
difference between the average transitions I
þ2/I/I �2 energies in one band and the transi-
tion I þ1/I �1 energies in the signature partner
[28e31].
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△
2EgðIÞ¼

�ð½Þ�EgðIþ2ÞþEgðIÞ
��EgðIþ1Þ�

¼ ð¼Þ �EgðIþ2Þ�2EgðIþ1ÞþEgðIÞ ð29Þ

In previous works [32,33] the △I ¼ 1staggering was
investigated by considering a staggering function
Y(I) rely on the dipole g-ray transitions connecting
the two signature partners and the quadruple
transitions in each band, Y(I) possesses the form:

YðIÞ¼ð2Ie 1Þ= IÞ
½ðEðIÞ�EðI�1ÞÞ= ðEðIÞ�EðI�2ÞÞ� � 1

¼ð2Ie 1Þ� I� �Eg1 ðIÞ
�
Eg2 ðIÞ

�
e 1 ð30Þ

where

Eg1 ðIÞ¼EðIÞ �EðI�1Þ

¼ ðAb�A0 b0ÞI3þ½Að1þaþbÞ�A0 ð1þa0 �2b0Þ�I2þ

½Að1þaÞþA0 ð1þa0 �b0Þ�I ð31Þ
and Eg2ðIÞ ¼ EðIÞ� EðI � 2Þ.

¼ ðA0 b0 �AbÞI3þ½A0 ð1þa0 þ4b0Þ�Að1þaþbÞ�I2þ

½A0 ð3þ3a0 þ5b0Þ�Að1þaÞ�IþA0 ð2þ2a0 þ2b0Þ= I
ð32Þ

6. Results and discussion

The data set in the present work contain in total 11
SDRB's, three SDRB's unveiled △I ¼ 2 staggering in
their Eg transition energies and four pairs represent
signature partners exhibit △I ¼ 1 staggering. The
model parameters (J, a, b) and the level spins have
been adopted by using a simulated search program.
The sensitivity of fitting is taken according to the

common transition energy root-mean-square (rms)
deviations given by

c¼
"
1
N

XN
n¼1

�����Eexp
g ðIiÞ � Ecal

g ðIiÞ
Eexp
g ðIiÞ

�����
2#1

2

where N represents how many data points are
included in the fitting process. The experimental
data were derived from Reference [2].
The spin of the bandhead Io is taken as the closest

half integer of the fitted Io, then another fit with only
(J, a, b) as free parameters is made. The best model
parameters (J, a, b) and the predicted band head
spin Io for each band are outlined in Table 1.
The lowest transition energies Eg(Io þ 2/Io) and

the rms deviation c are also indicated in the table.
The present assigned spins of our selected SDRB's
are quite consistent with that estimated values in
previous works [16,26,32,33]. The calculated g-ray
transition energy/spin EGOS ¼ Eg (I)/I [42], are
plotted in Fig. 1 and compared with experimental
data. Theory and experiment show excellent agree-
ment, which provides strong support for the
hypothesis.
Using the suggested level spins and the adopted

model parameters, the rotational frequency -u and
the systematic features of the dynamic moments of
inertia J(2) of our selected SDRB's are extracted and
plotted ageist -u in Fig. 2a,e. For the isotones
N ¼ 111, 112, 113, 114, and 194Hg (SD1, SD2, SD3).
We notice that J(2) of all SDRB's change smoothly
increasing with increasing -u, this smooth increase
is credit to the successive alignment of N ¼ 6 (i13/2)
protons and N ¼ 7 (j15/2) neutrons in the presence of
pairing. Clearly the J(2) values for the excited SD
bands are very close to the yeast SD bands in their
Zþ1 isotones.
In some SD bands, the △I ¼ 2 staggering is cor-

responding to a shift of states with spins I, Iþ4, Iþ8,

Table 1. The calculated model parameters (J, a, b) obtained from the fitting procedure and the proposed bandhead spin Io for the selected super-
deformed rotational bands in A~190 mass region. The experiment lowest transition energies EgðI0 þ 2/I0) for every superdeformed band are also
given [2].

Band Eg [keV] ðI0 þ 2/I0) I0 ½Z� J (-2 MeV�1) a b (x 10�3) c

191Hg(SD2) (SD3) 252.4 10.5 123.7660 0.34253 �2.27628 0.0694
272.0 11.5 128.2192 0.33307 �2.64517 0.0593

192Hg(SD1) 214.4 8.0 132.3931 0.52706 �3.65237 0.2088
193Hg(SD3) (SD4) 233.5 9.5 128.3410 0.40471 �2.73102 0.0896

254.0 10.5 127.8321 0.39789 �2.68071 0.1158
194Hg(SD1) (SD2) (SD3) 211.7 8.0 135.1482 0.55470 �3.86490 0.5028

200.8 8.0 128.8194 0.40758 �2.75224 0.0766
222.0 9.0 127.7031 0.38856 �2.61199 0.0866

193Pb(SD3) (SD4) 251.5 10.5 118.9281 0.27978 �1.82787 0.0569
273.0 11.5 129.4900 0.41477 �2.80555 0.0224

194Pb(SD1) 124.9 4.0 130.4811 0.50014 �3.44693 0.1060

F.A. Elmanakely et al. / Al-Azhar Bulletin of Science 34 (2023) 1e11 5



relative to states with spins Iþ2, Iþ6, Iþ10,. The
presence of a △I ¼ 2 staggering in the g-ray tran-
sition energies of the three SDRB's 194Hg (SD1, SD2,
SD3) for each band can be exhibited by calculating
the fourth derivative of the g-ray transition energies
S(4) (I) at a given spin defined in equation (28) and
plotted against the rotational frequency (-u) as

shown in Fig. 3. A significant staggering with large
amplitude is detected for all chosen SDRB's. Four
pairs of signature partners SD bands are proposed.
One pair in eveneeven 194Hg nucleus and three
pairs in odd-A 191,193Hg, 193,195Pb nuclei. The △I ¼ 1
energy staggering found in these nuclei are exam-
ined by calculating the staggering parameters △2Eg

Fig. 1. The calculated g-ray transition energy energies gamma-ray over spin (I) versus spin I. The selected superdeformed rotational bands are
compared with experimental values [2]. Solid curves represent theoretical calculations while closed circles represents experimental values.

6 F.A. Elmanakely et al. / Al-Azhar Bulletin of Science 34 (2023) 1e11



Fig. 2. The calculated dynamical moment of inertia J(2) versus rotational frequency Zu for (a) The isotones N ¼ 111 (191Hg (SD2)), 193Pb (SD3), (b)
The isotones N ¼ 111(191Hg (SD3)), 193Pb (SD4), (c)The isotones N ¼ 112 (192Hg (SD1)), 194Pb (SD1), (d) The isotones N ¼ 113 (193Hg (SD4)), 193Pb
(SD3), (e) The three bands of 194Hg (SD1, SD2, SD3).

Fig. 3. Calculated DI ¼ 2 staggering parameter S(4) versus nuclear spin I for 194Hg (SD1, SD2, SD3).

F.A. Elmanakely et al. / Al-Azhar Bulletin of Science 34 (2023) 1e11 7



Fig. 4. The energy staggering parameter D2Eg(I) as function of nuclear spin(I) for the four pairs signature partners in Hg and Pb nuclei.
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(I) and Y (I) equations (29) and (30) as functions of
spin. The staggering parameters △2Eg (I) depends
on the average transitions Iþ2/I and I/I �2 en-
ergies in one band and the transition Iþ1/I�1
energy in the signature partner.

The staggering parameter Y (I) depended on the
dipole transition energies Eg (I/I �1) connecting
the signature partners and the quadruple transition
energies Eg (Iþ2/I) within each band. The calcu-
lated values of △2Eg (I) and Y (I) are plotted versus
spin I as presented in Fig. 4. It is seen that; all
signature partners show zigzag behavior with large
amplitude staggering.
The △I ¼ 1 staggering also happen if we subtract

a rigid reference from the transition energies Eg (I).
This is illustrated in Fig. 5 for the pair 191Hg (SD2,
SD3) as an example.
To better understand the identical bands (IBs)

phenomenon, the different in the transition energies
△Eg between the yeast SD band transitions in 192Hg
and the corresponding yeast bands in 194Hg and
194Pb against the transition energy Eg are shown in
Fig. 6a. We see that up to -u ~0.25 MeV, the △Eg

values are small and constant for 192Hg (SD1) and
194Pb (SD1), while △Eg~ 4 keV for 192Hg (SD1) and
194Hg (SD1). Therefore, the yeast SD bands in the

Fig. 5. DI ¼ 1 staggering for the signature partner pairs 191Hg (SD2,
SD3). The calculated transition energies as a function of the nuclear
spin I to exhibit.

Fig. 6. The calculated differences in g-ray transition energies DEg versus Eg for the following identical SD bands (a) 192Hg (SD1)-194Pb (SD1), 192Hg
(SD1)-194Hg (SD1), (b) 191Hg (SD2)-193Hg (SD4), 191Hg (SD3)-193Hg (SD3) and (c) 193Pb (SD3)-191Hg (SD2), 193Pb (SD4)-191Hg (SD3).

Fig. 7. The incremental angular momentum Di versus rotational frequency Zu for (a) 194Hg (SD1), 193Hg (SD4) and 194Pb (SD1) relative to 192Hg
(SD1) as a reference (b) 191Hg (SD2, SD3), 193Hg (SD3) and 193Pb (SD3, SD4).
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two isotones (N ¼ 112) 192Hg (SD1) and 194Pb (SD1)
are considered as IB's, this similarly suggested that
the added protons on 194Pb do not change the SD
rotational properties in the observed frequency
range. On the other hand, the two bands 192Hg
(SD1) and194Hg (SD1) are too large to consider these
two bands identical ones. Also additional informa-
tion about IB's, we plotted in Fig. 6b, c, △Eg versus
Eg for exited bands in 191Hg, 193Hg, 193Pb. Both SD
bands in 191Hg (SD2, SD3) and 193Hg (SD4, SD3)
have nearly identical transition energies in the fre-
quency range 0.13 MeV � -u � 0.34 MeV. The g
transition energies in 193Pb (SD3, SD4) are identical
to the ones SD2 and SD3 in the isotones (N ¼ 111)
191Hg (SD2, SD3).
The incremental alignment △i is calculated and

plotted against the rotational frequency -u in Fig. 7
for the above SDRB's to choose the IB's with the
yeast band in 192Hg as a reference. In general the
calculated △i are shown to cluster around the
values △i ¼ ±1, 0.5 and 0 for -u � 0.2 MeV.

7. Conclusion

In this study, we suggested a model with a
perturbation term proportional to the spin's cubic
power along with the original pure rotator compo-
nent. Eleven SDRB's in nuclei Hg, and Pb of the
mass region A~190 are considered. The bandhead
spins and the model parameters have been extrac-
ted by fitting the calculated transition energies Ecal

g

with the experimental ones Eexp
g utilizing a com-

puter-based simulated search program. The rota-
tional frequency -u, the dynamic J(2) moment of
inertia are calculated. The systematic variation of J(2)

with -u is investigated. The SDRB’S 194Hg (SD1,
SD2, SD3) show △I ¼ 2 staggering effects in their g-
ray transition energies by applying a staggering
parameter shown the divergence of the g-ray en-
ergies from smooth reference characterizing the
finite difference approximation to the fourth order
derivative of the g-ray transition energies at a given
spin (Cedeawall five point formula). To exhibit the
△I ¼ 1 staggering in signature partner pairs of
191,193,194Hg, and 193Pb we determined the variations
between the average transitions Iþ2/I/I � 2 en-
ergies in one band and the transition Iþ1/I � 1
energies in its signature partner. Also A staggering
parameter depends on the dipole transitions linking
the signature partners. The phenomenon of iden-
tical bands is investigated for 191,192Hg and their
neighbors by calculating the differences between
their g-ray transition energies; also the incremental
alignment has been calculated.

Conflicts of interest

The authors have no conflicts of interest to declare.

References

[1] Twin PJ, Nyak�o BM, Hetal Nelson A, Simpson J, Bentley MA,
Cranmer-Gordon HW, et al. Observation of a discrete-line
superdeformed band up to 60- in Dy152. Phys Rev Lett 1986;
57:811.

[2] Evaluated nuclear structure data file national nuclear data
center. https://www.nndc.bnl.gov/.

[3] Ye D, Janssens RVF, Carpenter MP, Moore EF, Chasman RR,
Ahmad I, et al. Superdeformed band in Hg 192. Phys Rev C
1990;41:R13.

[4] Riley MA, Cullen DM, Alderson A, Ali I, Fallon P,
Forsyth PD, et al. Multiple superdeformed bands in 194Hg
and their dynamical moments of inertia. Nucl Phys 1990;512:
178e88.

[5] Drigert MW, Carpenter MP, Janssens RVF, Moore EF,
Ahmad I, Fernandez PB, et al. Superdeformed bands in
189,190 Hg. Nucl Phys 1991;530:452e74.

[6] Byrski T, Beck FA, Curien D, Schuck C, Fallon P, Alderson A,
et al. Observation of identical superdeformed bands in n¼ 86
nuclei. Phys Rev Lett 1990;64:1650.

[7] Frauendorf S. Tilted cranking. Nucl Phys 1993;557:259e76.
[8] Stephens FS, Deleplanque MA, Draper JE, Diamond RM,

Beausang CW, Korten W, et al. Spin alignment in super-
deformed hg nuclei. Phys Rev Lett 1990;64:2623.

[9] Stephens FS, Deleplanque MA, Draper JE, Diamond RM,
Macchiavelli AO, Beausang CW, et al. Pseudospin symmetry
and quantized alignment in nuclei. Phys Rev Lett 1990;65:301.

[10] Ahmad I, Carpenter MP, Chasman RR, Janssens RVF,
Khoo TL. Rotational bands with identical transition energies
in actinide nuclei. Phys Rev C 1990;44:1204.

[11] Khalaf AM, Okasha MD, Ahmed GSM, Asmaa A. Identical
bands in doubly even nuclei in framework of variable
moment of inertia (vmi) and interacting boson models. Nucl
Phys 2020;997:121719.

[12] He XT, Liu SX, Yu SY, Zeng JY, Zhao EG. The i13/2 proton
intruder orbital and the identical superdeformed bands in
193, 194, 195 Tl. Eur Phys J A 2005;23:217e22.

[13] Chen YJ, Chen YS, Shen CW, Gao ZC, Zhu SJ, Tu Y. Theo-
retical simulation for identical bands. Eur Phys J A 2005;24:
185e91.

[14] Ali K, Manal S, Mahmoud T. Spin assignment and behavior
of superdeformed bands in A⁓150 mass region. Turk J Phys
2013;37:49e62.

[15] Ali K, Karima A, Manal S. Description of the yrast super-
deformed bands in even-even nuclei in A ~ 190 region using
the nuclear softness model. Turk J Phys 2015;39:178e86.

[16] Khalaf AM, Sirag Manal M, Abdelmageed KE. Properties of
superdeformed bands in a 190 region within the framework
of three parameters nuclear softness model. Chin J Phys
2016;54:329e37.

[17] Flibotte S, Andrews HR, Ball GC, Beausang CW, Beck FA,
Belier G, et al. di¼ 4 bifurcation in a superdeformed band:
evidence for a c 4 symmetry. Phys Rev Lett 1993;71:4299.

[18] Cederwall BO, Janssens RVF, Brinkman MJ, Lee IY,
Ahmad I, Becker JA, et al. New features of superdeformed
bands in Hg194. Phys Rev Lett 1994;72:3150.

[19] Reviol W, Jin HQ, Riedinger LL. Transition energy stag-
gering and band interaction in rare-earth nuclei. Phys Lett B
1996;371:19e24.

[20] Ikuko H, Ben M. Superdeformed rotational bands in the
presence of Y44 deformation. Phys Lett B 1994;333:294e8.

[21] Macchiavelli AO, Cederwall B, Clark RM, Deleplanque MA,
Diamond RM, Fallon P, et al. C4 symmetry effects in nuclear
rotational motion. Phys Rev C 1995;51:R1.

10 F.A. Elmanakely et al. / Al-Azhar Bulletin of Science 34 (2023) 1e11

https://www.nndc.bnl.gov/


[22] Pavlichenkov IM, Flibotte S. C4 symmetry and bifurcation in
superdeformed bands. Phys Rev C 1995;51:R460.

[23] Haslip DS, Flibotte S, France G De, Devlin M, Galindo-
Uribarri A, Gervais G, et al. di¼ 4 bifurcation in identical
superdeformed bands. Phys Rev Lett 1997;78:3447.

[24] Lerma F, Devlin M, LaFosse DR, Sarantites DG, Wyss R,
Baktash C, et al. Accurate lifetime measurements of super-
deformed bands in a 80 nuclei. Phys Rev Lett 1999;83:5447.

[25] Khalaf AM, Awaad TM, Elgabery MF. Examination of △i¼ 2
energy staggering in the superdeformed bands of 194Hg. In-
ternational Journal in Pysical and Applied Science 2016;3:47.

[26] Xingqu C, Zheng X. Examine the method of spin determi-
nation in superdeformed bands on the basis of normal
deformation. Chin Phys C 1993;17:1102e10.

[27] Khalaf AM, Ahmed GSM, Asmaa A, Allam MRM. Investi-
gation of energy staggering effects in thorium isotopes in
framework of interacting vector boson model. Nucl Phys
2019;988:1e8.

[28] Carpenter MP, Janssens RVF, Cederwall BO, Crowell B,
Ahmad I, Becker JA, et al. Identification of the unfavored n¼
7 superdeformed band in Hg191. Phys Rev C 1995;51:2400.

[29] Ikuko H, Ben M. di¼ 4 structure in superdeformed rotational
band-deformation with c4v symmetry. Phys Scripta 1995;
27(T56):1995.

[30] Hackman GO, Krücken R, Janssens RVF, Deleplanque MA,
Carpenter MP, Ackermann D, et al. Structure of super-
deformed bands in 195 Hg. Phys Rev C 1997;55:148.

[31] Khalaf AM, Abdelmageed KE, Eman S. Description of
superdeformed bands of odd-A and odd-odd mercury and
thallium nuclei. Theor Appl Sci 2014;6:47.

[32] Khalaf A, Asmaa A, Tarek A. Structure of superdeformed
bands in 193Pb nucleus and examination of di¼ 1 staggering.
IJPAS October, 2016;3(10):19e32.

[33] Aziz I, Okasha MD, Ahmed GSM. The behavior of moments
of inertia and energy staggering in superdeformed nuclei.
Al-Azhar Bulletin of Science 2021;32(1-B):7e14.

[34] Joyce MJ, Sharpey-Schafer JF, Twin PJ, Beausang CW,
Cullen DM, Riley MA, et al. First measurement of magnetic
properties in a superdeformed nucleus: Hg193. Phys Rev Lett
1993;71:2176.

[35] Khoo TL, Carpenter MP, Lauritsen T, Ackermann D,
Ahmad I, Blumenthal DJ, et al. Excitation energies and spins
of a superdeformed band in 194 Hg from one-step discrete
decays to the yrast line. Phys Rev Lett 1996;76:1583.

[36] Hackman G, Khoo TL, Carpenter MP, Lauritsen T, Lopez-
Martens A, Calderin IJ, et al. Spins, parity, excitation en-
ergies, and octupole structure of an excited superdeformed
band in Hg194 and implications for identical bands. Phys
Rev Lett 1997;79(21):4100.

[37] Lopez-Martens A, Hannachi F, Korichi A, Schück C,
Gueorguieva E, Vieu Ch, et al. Single step links of the
superdeformed band in 194Pb: a measure of the absolute
excitation energy, spin and parity of the superdeformed
states. Phys Lett B 1996;380(1- 2):18e23.

[38] Hauschild K, Bernstein LA, Becker JA, Archer DE, Bauer RW,
McNabb DP, et al. Yrast superdeformed band in 194Pb: Jp
and Ex. Phys Rev C 1997;55:2819e25.

[39] Bohr A, Mottelson BR, Benjamin (Firm) WA. Nuclear struc-
ture: volume II (nuclear deformations). nuclear structure.
Basic Books: Singapore; 1975.

[40] Khalaf AM, Kotb M, Asmaa A, Okasha MD, Ahmad
Saddon T, Kassim Huda H, et al. Description of super-
deformed bands of the isotones for nuclear mass region.
Phys Atom Nucl 2020;83:866e78.

[41] Abdalaty AA, Kotb M, Okasha MD, Khalaf AM. Extended
exponential model with pairing attenuation and investigation
of energy staggering and identical bands effects in super-
deformed thallium nuclei. Phys Atom Nucl 2020;83:849e58.

[42] Khalaf AM, Kotb M, Awwad TM. Nature of cross-talk tran-
sitions and di¼ 1 energy staggering in signature partners of
odd mass superdeformed nuclei. Int J Mod Phys E 2017;26:
1750011.

F.A. Elmanakely et al. / Al-Azhar Bulletin of Science 34 (2023) 1e11 11


	Identification of Identical Bands and Energy Staggering Phenomena in Superdeformed Nuclei in A=190 Mass Region in the Framework of a Novel Proposed Simple Formula
	How to Cite This Article

	Identification of Identical Bands and Energy Staggering Phenomena in Superdeformed Nuclei in A=190 Mass Region in the Frame ...
	1. Introduction
	2. Model and procedure
	3. Approximate estimation of bandhead spin and model parameters
	4. Rotational frequency and moments of inertia
	5. Identical bands
	6. Results and discussion
	7. Conclusion
	Conflicts of interest
	Conflicts of interest
	References


