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ABSTRACT

The coherent propagation of two optical short pulses through a resonant medium consisting of two three-

level atoms in the £ configuration is investigated. A self-consisting analytical solution without steady state or
adiabatic approximations is presented. The electric field in the model studied consists of two co-propagating
plane waves, each of which is in near resonance with a transition in the absorber. The density matrix of two
three level atoms is studied. Also, the reduced density matrices are stated. The present approach for the
semiclassical treatment of resonant coherent interactions in three-level atoms represents a generalization of the
Maxwell- Bloch equations for a two-level system. The Maxwell-Bloch equations reduced to the non-linear
pendulum equation. The solution shows that the two pulses can propagate simultaneously without loss under
some conditions about the pulses and the medium. The propagation of the two pulses through the medium
without any constrains approves the self -induced transparency (SIT) phenomenon.

Keywords: Pulse propagation; Semi-classical approach; Maxwell Bloch equations; Non-linear
equations; Density matrix .

1. INTRODUCTION

During the 18" century, different theories have been developed to describe light, the most well-
known of which are the wave theory and the particle theory [1] . Now, scientists know that light can
be viewed either as a wave" described by the classical electromagnetic wave theory, or as "a bunch of
photons " quantized electromagnetic field described by quantum theory. Although the understanding
of light has advanced significantly, there is still ongoing efforts to understand light itself as well as its
interaction with different materials.

One aspect of research effort is devoted to the study of propagation of short light pulses in a
variety of optical media [2]. Unlike the continuous light waves, a light pulse has a finite duration, as
well as a time-dependent intensity profile. Such a unique feature makes light pulses very attractive,
thus it is very important to investigate and understand the propagation behavior of light pulses.

The interaction of strong electromagnetic fields with atomic systems leads to nonlinear dynamics,
which makes it difficult to solve analytically, but it is worth the effort. In the presence of two
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monochromatic lasers (or Cook-Shore pulses [3]), and under two-photon resonant conditions, the
three level system has the eight-dimensional space which can be factorized into three independent
subspaces. The quantum evolution of the three-level system is thus characterized by three independent
coherence vectors, each with its own nonlinear conservation law [4].

The three-level atomic system has been studied in detail by many groups in quantum optics [5],
non-linear optics and laser physics. In the theory of lasers a number of interesting and potentially
important effects have been investigated, including, Non-Markovian decay [6], dynamics of a two-
photon laser with an injected signal [7]-[10] and lasing without inversion. The numerical solutions
show evidence of pulse evolution and/or breakups, possibly indicative of some global relationships
governing the propagation problem at hand. Experimentally the three-level cascade atomic system has
been studied for polarization effects in Rubidium [11] and laser cooling and diffusion in metastable
Helium [12].

Here we study a medium of two species of three-level atoms interacting with classical field
applying semi-classical approach. Ignoring the rapid time dependent factors in the Hamiltonian and
the density matrix, the density matrix and the reduced density matrix are studied. Combined
numerical and analytic techniques are used to solve the Maxwell-Bloch equations where we transform
the system to the Non-linear pendulum equation.

2. THEORETICAL MODEL

In this paper we investigate the propagation of two intense optical beams in a medium of two
species of three-level atoms in the £ configuration as shown in Fig. (1). The wave function for the
atomic system can be written in the following form:

W) = [W)a & [U)g 1)
W) = cee™“ala) + cp e 18| B) + Cye'f‘“?’t Iy} )
|W)g = coe'“sf|a) + cpe @b} + c emietc), 3)
Atom A Atom B
y C
Jii b

T

Fig. 1. Schematic diagram of two three-level £ — t¥Pe atoms interacting with classical fields.

a

The Hamiltonian which describes the interaction between two three-level atoms and
electromagnetic fields is given by

j% = j?ﬂtnm-'_j?]

- =
= “Ylatom — d. E(ZJ t} (4)
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where the Hatom is the atomic Hamiltonian in the absence of light which represented by the
diagonal elements of 2 =9 matrix in the form

hwy (1=ab,c).(=aBY) where Tij = i + , (Wi-%%) are the frequencies of the energy
levels. The electric field E(z.t) of the light is composed of two plane wave copropagating in the z-
axis (with possible different velocities).

E(z,t) = T, &:(z,t) cosd;2; (5)
@; = vit—kiz + ¢z, 1) (6)

where :(z, t]'_a:r.q the amplitudes of the two waves, Vi are the carrier frequencies, ki denotes the
wave number ("* ~ ¢ ) and € are the unit polarization vectors. The two allowed atomic transitions
are only between the excited and the intermediate states and between the intermediate and ground
states. Both the amplitude and phase function are assumed to be slowly varying function of space and

time so that,
|5|¢:=~:As” |5|:::=::L ; -
.
.a¢ a¢
oo | <<kidi 5| << v,

The electric dipole moment operator is defined as
d = dygla)(Bl +dg, IBXy| + dopla)(bl + +dy|b) e +c.c (8)

d.E = degele®:|a)f] +dgasie % |F)(al
+dgpefe *:a)b] + dyeere*1[b)al
+dg, &5 21B)y| +d,gese 21y (B ®)
+dpees e |b)(c] + dopere™F|c)(b]

The first step is to remove the rapid time dependence from the Hamiltonian (4) by using the
transformation
Ut) =e 4 (10)

where A is a 9x9 diagonal matrix, its elements are: Ay = hw,,, Mos = Ao, + Py,
ﬁaa = .TIEI.FRR + ‘:bl + ';b:, iﬂLq_q_ = .?'li‘I.FﬂR + ‘I’l, iﬂLEE = .TIE‘I.FRR+ 2'1’1, .EHLE.EI = .TIEI.FRR + E‘bl + ‘:D:,
.!ﬂ!r:,l"l',r = ?lm,m + ‘:[:'1 + ‘t‘:, ﬂgg = hmﬂﬂ + 2‘:[:'1 + ‘:b: and .!ﬂ!lg.g. = .TIZI.FM + 2‘131 + 2‘:[:':
Hence the Hamiltonian (4) will transform into a rotating frame [13] in which the Hamiltonian
varies slowly in time as follows:
-~ — A
_ -1 Ll
H=UHU +ﬁat (11)

where, now the atomic Hamiltonian can be written in the form of the diagonal elements of the
9 + 9 matrix respectively as follows:
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hge Mwap+ 1), @y + 0 +02), (Ao, + 04),
Wwyg + 201), W@y, + 201 + 02), (Ao, + 0, +0;), M@ + 201 + 92)
and A(wm,, + 26, + 2§27)
where
a;

Pr=vit 5 (12)

and the interaction Hamiltonian will be

- 4 =
H = d.E =2 [Qpla)(B]+ 0, IB)Y] + Qg lakb] + 0, [c)b| +c.c] (13)
where
ﬂ:r,ﬁ‘ = i{gﬁ,ﬁ‘ . El}EI {:Z, t]! ﬂ,ﬁ‘}f = i {'E,E}f Eﬂ ]E:‘-{:Z, t}, (14)
Oap = (dap-€1)e] (5,0), Oy =+ (dpe£2)e3(z 1)

2.1. Density Matrix Formalism

Because of the density matrix can describes a wider range of atomic behavior than the wave
function, we specify the atomic system by the density matrix £, where @ = [WHW¥| and from (10)

p=UpU (15)

The reduced density operator for the atom with levels afy is g5 and for the atom with levels
abe is pg can be written as

P11+ Pag + P77 P12 + Pas + Prs P13 + Pag + Prg

Ba=Trgp = | Pa1+ Pss + Pey P2z + Pss + Pas Pa7 + Psg + Peg
P31+ Pea + Po7y P32 + Pse + Pog P33+ Peet+ Pag
Al4) A4 A4 (16)

11 Pz P
04 A4 04

2 P Pas
A4 (4 AlA
P31 Paz Pa3

where A is related to the first atom. Also,

Pu1 + Pz + Pas Pra + Pos + Pag P17 + Pog + P3s

pg=Trap= | Pa +Ps2 + Pez Pag + Pss + Pes Pa7 + Psgt Pes
P71+ Pas + Poa Pra + Pas + Pos P77 T Pea + Pog
<(B) A(B) A(B) (17)

11 Pz Pig
~(B)  ~(B) (B
71 33 23
~(B)  ~(B) (B
31 Pz Pag

where E is related to the second atom.

Subsequently, we can write the propagation equation for these slowly varying density matrix
elements [14, 15] as
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pr=—[H.A] (18)

(i] -f- 2=k il iy —
where Bty = pihe ¥+ 1) pﬂl = pie i(@2t—kez)

o iy —il (gation)r— (ke ~Li) (i)
Pll; = Pilaje lf‘l"fg' Pa)e—(katle)z } and pJJL _Ph‘l ,
(i=AB, i=123)

2.2. The Equations of Motion

The equations of motion for the components of the density matrix vector in the rotating-wave
approximation are

b = —imp® + 05,58 + 105 Y B2
By = —irpY +;ﬂbc,al'f3' +10,.(6% - 5
Baa = —il, ﬁlA}—gﬂﬁgﬁl’?:’_i 0,5 (6% — 5@
Big = —ibaby —0upBls —0en(Bls —B13) (19)
pis = —i0a + )82 + 70,057~ 100,55
(B (5] (5) MB}

ﬁla = _i{:‘ﬂ"l + A }1‘11_3 +%ﬂcbplﬂ ﬂbn

where Wha — Vi =4 = gy — vy, Wep —Vz = & = wyp — vz

We can define the time dependent Rabi frequency ;; in terms of its real and imaginary parts
as follows:
ﬂﬁ.g = ng-l' E;URE = ﬂ:-_'?ﬁ
Opy = Rpy +ilpy = Mp (20)
ﬂnb = Rnb+ I'Urzb = ﬂ;'n
Ny = Ry + il =0,

At this stage we will restrict ourselves to Rabi frequencies to be real and the two atoms to be

identical, so we can write
R:r,r.? =R;;=Rg

(21)
R,E}r = Ry3 = Ry,
and  dgp = dgp = dia, dop = Ope = da3.
The components of the Bloch vector are defined as
(0 _ A, (D
u:_;l _p:_;l +p_;l: (22)

[_: }_l{ﬁ;}} F'_'”}}
so that the equations of motion for the components of the generalized Bloch vectors and the atomic

population in the exact resonance case can be obtained by differentiate (22) and substitute from (19),
taking into account (20, 21) as:
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S _ 1 D

12 = ;R23v3

. (1 (1 1 (1

L’I:} =Ry, mi:l} ERHHJ.E}

L (1 1 (I

HEE} =5 R LJ‘J:EI:I

[:’;5} Rﬂaml :I+ Rlﬂul }

aly = —-Rlﬂ bt 3'+ 2 Ryv) (23)
] I J_ 7
13} _ Rr' } Rﬂaup}

(1) R i ]'

Py =3 Riavp;

P;\;:;}—__Rlﬂ I}+ RHELI}

ﬁ:lmzI = R"a L’“}

where w p,.,, _F'u and w —ﬁ:_'m} ﬁf.ﬂ},.I:A,B
It is possible to obtain from (23) the following conservation law
@2+ @2+ @2+ @hz+ w2 + @)
2002+ BUP + Ur1= ¢

where C is a constant. For one atom the conservation law is similar to the one [16] which reminiscent
a single two-level atom.

(24)

2.3. The Maxwell-Bloch Equation

The atom-field interaction can be described through Maxwell’s equation [2]. It is sufficient to
write it in one dimensional form:

{————}E{t }———P{zj t) (25)

dz% T ot®

where P is the (space and time dependent) polarization. If we consider that the two fields interact
with a homogeneously distributed two three-level atomic system in the cascade configurations then,
the polarization induced by two fields will be the average dipole moment per unit volume and can be
defined as
P(z,t) =Py(zt) +Py(zt)

| 26
=NE: TT{PE}}dz}} {_E:A,B}J ( )

where N is the atomic density. Using Eqgs. (14, 20, 21 and 22) so, Maxwell’s equation in the slowly
varying envelope approximation (SVEA) can be simplified (considering the real part of the Rabi
frequencies only ) to the form

(A}

+ u'B}}

& d

G+ E_H]Rli = f (v)5 @
;] a |A} (B}

{'E' + E]Rza = (_" ﬁ{ L’ + I!.’,. ]I

_ ANm,|dg|® 9zl das|®
5= -,
he Faldyzl®

When we chose the two atoms to be identical, in this case

u = Vy3, Uy, = V23 50, EQ. (27) can be written as
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.0 d
{.E’ + E]Rig = Gﬂ U2 (28)
- d
'[.E + B_H]Rza = Ggff 123
Now, we set
vy, = bysing, Vag = bosing (29)
with o = [*_0(z,"t)d’t, hence  0(z,t) = % We define
Ry; =), Ry = as(), (30)

where @, @ are the relative amplitude of the pulses, Egs. (30) define the pulses as generalized
Cook-Shore pulses [3].

Then Eq. (28) reduces to

8%  18% ,
porn + ~ g - ysing (31)
where
Gaby _ Gabof
y=——=— (32)

The distortionless solution of Eq. (31) has the argument § =t — E where V has dimensions of

. 8 14 ,

velocity. Then == oS0 that Eq. (31) becomes:
Fe _ —[ve(= — 1)~ 1]sine (33)
a2 L

This equation is similar to that given in [17], so the solution of this non-linear pendulum
equation is

g = 25i11‘1{:ta11h{:§}} (34)

where 7 is the pulse length and is define as

... = 1L, Py "'_.l (35)
™ elpg elp—

Consequently, from (34)

n= isech{%} )
and from (29), we get
V15 (€)= blsech{é}tanh{él
v23(§) = by Sech{g}tanh{g]
way = by + b4sech3{:§}1 an
Wiz = bs + bﬁsechf{él

Uy3 = bysech? {E}
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Where the constants b5 and bg are the initial inversions wy (& = —oo) and w3, (& = —ca)
respectively. From the system (37) we can define the constants b;, i = 1,2,4,5,6,7 in terms of by as
follows:

bl = _Eﬁlbaj b: = _En_zbaj bq_ = _Ifrfba =g
(38)
bE = R‘_E ba_, ane b':,r = Ifrllfr:{l - R_;}ba.
with the condition
af +ai =4 (39)
Using Eqgs.(28,37 and 38) we obtain
L__ G 40)
-
and
= _q 41
Bai (“41)
@) z=0 (b) z=100
6 6
5 5
4 4
3 3
2 2
! r R . Ry
0 LRlQ 0 —Ryp
0 2 4 6 8 0 2 4 6 8
- -
(c) z=200 (d) z=300
6 6
5 5
4 4
3 3
2 2
! Rz . Rz
0 LRlz 0 LFilz
0 2 4 6 8 0 2 4 6 8
& -

Fig. 2. The temporal behavior of the pulse profile at different values of the probagation distance z.

In order to have 72 = 0, since V < ¢, we have to require that by < 0. We obtain the solutions

to the full set of on-resonance two three-level Maxwell-Bloch equations. These have the



characteristics of simultaneous different-wavelength optical solitons. In the = —medium the profile

(30) propagate as simultaneous pulses at a certain conditions, imposed on the initial preparation of
both the pulses and the medium, and determined by the medium’s physical parameters. Eq. ( 41) is
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considered as a restriction on the relative amplitudes of the pulses.

configuration in the case of the atoms totally prepared initially in the ground state i.e by = —1, this
only possible for an appropriate initial mixed states. These initial conditions are achieved by choosing

the following initial populations , py; = g Paz = g and p3z = 0. Addition to p,, = const., through

the entire interaction which has been derived
inversions are equal.
(@) z=0

10

0.8

—P1u

P2

(c) z=200

10

08

06

04

02

00

— P33

— P

P2

0 2 4
&3

P33

For the three-level atom the simultaneous pulse propagation is not possible in a = —

not assumed. We should also note that the initial

(b) z=100

10

0.8

— P11

P2

P33

(d) z=300

10

08

— P

P2

P33

Fig. 3. The atomic occupation P11 black line, Pzz blue line, Paz red line.

In Figs. (2,3) we plot the temporal behavior of the pulses and the level populations at the
entry face of the medium ( z = 0). The pulses are simultionous and identical: their peaks coincide,
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their pulse length is the same equal \’? which greater than the pulse length for one atom of three-

level. The areas of each pulse is equal to 42 (2m). From Fig. (2) it is evident that the two input pulses

propagate without loss and with shape preserving. Also the peak of the the two pulses is later in time
at z position. In Fig. (3), the atomic dynamics represented by the three population (py4, P22 and paz).

The behavior of them characterized by a full rotation of the initial state from gy, = E Paz = ? and

Paz=0t0py =0, por = é and pa3 = E when the pulses are at their coincidence peaks (comparing

between Fig. (2), (3) ). The population of the second level (g2-) remains constant during the

interaction, while the populations gy and p35.

3. CONCLUSION
We have introduced the Hamiltonian of the interaction between two three-level atoms and

classical field. After using the approximation we calculated the density matrix and the reduced density
matrix. We have solved Maxwell Bloch equations and reduced it to nonlinear pendulum equation. The
solution represented pulse propagations differ with the pulse through a medium of one three-level
atom in the amplitude and the pulse length. The possibility of simultinous lossless propagation of the
two optical pulses is established. It turned out that the simultanous propagation occur when the pulse
and the medium have to be prepared in a manner determined by the physical parameters. One
recognizes that certain solution pulses propagation described as generalized Cook-Shore pulses since

they have a common time dependence with possibly different amplitudes.
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