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ABSTRACT  

         The cooperative elliptic systems involving Laplace operator defined on bounded, continuous                    

and strictly Lipschitz domains of under conjugation conditions are considered. First, the existence and 

uniqueness of the state for these systems with Dirichlet and conjugation conditions is proved, then the set of 

equations and inequalities that characterizes the distributed control of these systems is found. The problem with 

Neumann conditions is also discussed. 
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1. INTRODUCTION 

The optimal control of systems governed by finite order partial differential (elliptic, 

parabolic, and hyperbolic) operators defined on finite dimensional spaces have been studied 

by Lions [11]. The control problems described by either infinite order operators or 

operators with an infinite number of variables have been discussed by Gali et al [3-8]. 

These results have been extended in [1, 2, 10, 13, 18] to  cooperative and non-

cooperative systems. In [19-21], Sergienko and Deineka introduced control problems of 

distributed systems with conjugation conditions and quadratic cost functions. Here, we 

consider 2  2 cooperative elliptic systems with conjugation conditions. In section two, we 

first prove the existence and uniqueness of the state of cooperative Dirichlet system with 

conjugation conditions. We also find the set of equations and inequalities that characterizes 

the optimal control of this system. Section three is devoted to the optimal control of 

distributed type for cooperative Neumann problems.                

2- DISTRIBUTED CONTROL OF A SYSTEM DESCRIBED BY THE DIRICHLET  PROBLEM 

In this section, we study the distributed control for the following 2 2 cooperative 

Dirichlet elliptic systems: 

 

under conjugation conditions: 
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where  and , with boundary   and  respectively, are bounded, continuous and strictly                    

Lipchitz domains from n- dimensional Euclidean space  such that: 

,  

 is boundary of Ω,  , 

=  ,   =  ,    

                                     =r(x)  is a positive constant,                                            

(2.3) 

  is an ort of an outer normal to ,   =   -   

                  = =  (x)     for   x  , 

 =  =  (x)    for   x  

 

 

 

 

Figure 1: 1 

and 

a, b, c and d are given numbers such that  b, c > 0.    (2.4) 

Such systems where (2.4) is satisfied is called cooperative systems. They appear in some biological 

and physical problems [2]. 

We first prove the existence of the state of the system (2.1)-(2.2) under the following conditions: 
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where  is a positive constant determined by Friedrich inequality: 

  

Then, we prove the existence of distributed control for this system; and we find the set of equations                         

and inequalities that characterizes this distributed control. 

  

Existence and uniqueness of the state 

 

 

On , we define the bilinear form: 

 

 

Lemma 2.1   The bilinear form (2.7) is coercive on ( ; that is , there exists a positive constant     

C such that 

(2.8) 

Proof 

Choose m is large enough such that   and  .  

Then, 

 

 

From (2.3), we get 

 

 

By Cauchy Schwartz inequality 
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From (2.6), we deduce 

 

Then 

 

 

   ) 

C  

Now, let 

     
 

be a continuous linear form on Then using Lax Milgram lemma, there exists a unique                                                   

solution   such that:  

 =  

Then, we have proved the following theorem 

Theorem 2.1. For  ,   there exists a unique solution ,  for cooperative                   

Dirichlet system (2.1) with   conjugation conditions (2.2) if conditions (2.5) are satisfied. 

 

Formulation of the control problem 

  

    The space U =  is the space of controls. 

For a control u = ( , ) , the state , } of the system is given by the                  

solution of  

 

under conjugation conditions: 
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The observation equation is given by: 

Z (u) = = C y (u) = C  =  

For a given = { , } the cost function is given by  

 

(2.11) 

where   is a hermitian positive definite operator such that : 

 

                                                      (2.12) 

The control problem then is to: 

 
 The cost function (2.11) can be written as 

 

 
               

If we let: 

 

 

and 

 

 

Then  

+  

Since f  

then, using the theory of Lions [11], there  exists a unique optimal control of  problem(2.13); 

moreover it is characterized by                                     

Theorem 2.2 Let us suppose that (2.8) holds and the cost function is given by (2.11), then the                           

distributed control u is characterized by: 
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together with (2.9) and (2.10) ,where p(u) = {  (u),  (u)} is the adjoint state. 

Proof 

The optimal control u is characterized by [see 11, 13]:  

 

 

 

Then 

(2.14) 

Since the model A of the system is given by 

A y(x) = A ( , ) 

                                                 = (- - a - b , - - c - d ) 

and since 

         ( p, y ) = (p, A y), 

then 

( p ,A y)=  ( , ) 

                + ( ,  
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and since the adjoint state is defined by : 

 

Then (2.14) implies 

 

 
                                                                     +  

Therefore   

 

 
+  , 

 

 
+  . 

From (2.9), we obtain 

. 

Hence 

. 

3. COOPERATIVE NEUMANN ELLIPTIC SYSTEMS WITH CONJUGATION CONDITIONS 

In this section, we consider the following Neumann cooperative elliptic system 

 

with conjugation conditions (2.2) , where   , i=1,2. 

We introduce again the bilinear form (2.7) which is coercive on   , since 
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Then by Lax Milgram lemma, for a control u   the state , )  

of the system is given by the solution of  

     

 Where  

 

 is a continuous linear form defined on  

then, applying green formula, we get 

 

 

 

 

 

 

 

 

 
i.e the state , )  is given by 

 

under conjugation conditions: 



DISTRIBUTED CONTROL FOR COOPERATIVE ELLIPTIC … 9 

 

 

For a given = { , } The cost function is given by (2.11)   

As in theorem(2.3), we can prove 

Theorem 3.1 If the cost function is given by (2.11), there exists a unique optimal control u=  

( ) , such that: 

; 

Moreover it is characterized by the following equations and inequalities 

 

 

together with (3.2) and (3.3)  
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