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ABSTRACT

The cooperative elliptic systems involving Laplace operator defined on bounded, continuous
and strictly Lipschitz domains of R® and under conjugation conditions are considered. First, the existence and

uniqueness of the state for these systems with Dirichlet and conjugation conditions is proved, then the set of
equations and inequalities that characterizes the distributed control of these systems is found. The problem with
Neumann conditions is also discussed.

Key words: Cooperative elliptic systems - Conjugation conditions - Dirichlet and Neumann conditions—
Existence and uniqueness of solutions-Distributed control.

1. INTRODUCTION

The optimal control of systems governed by finite order partial differential (elliptic,
parabolic, and hyperbolic) operators defined on finite dimensional spaces have been studied
by Lions [11]. The control problems described by either infinite order operators or
operators with an infinite number of variables have been discussed by Gali et al [3-8].
These results have been extended in [1, 2, 10, 13, 18] to =nxn cooperative and non-
cooperative systems. In [19-21], Sergienko and Deineka introduced control problems of
distributed systems with conjugation conditions and quadratic cost functions. Here, we
consider 2 x 2 cooperative elliptic systems with conjugation conditions. In section two, we
first prove the existence and uniqueness of the state of cooperative Dirichlet system with
conjugation conditions. We also find the set of equations and inequalities that characterizes
the optimal control of this system. Section three is devoted to the optimal control of
distributed type for cooperative Neumann problems.

2- DISTRIBUTED CONTROL OF A SYSTEM DESCRIBED BY THE DIRICHLET PROBLEM

In this section, we study the distributed control for the following 2x2 cooperative
Dirichlet elliptic systems:

_ﬂjri = -E.Yi + bjrz + fi il‘l ﬂ = RLU Rz
{_ﬂﬁrz =cy; +dy; +1; in Q=0,00, (2.1)
¥i=¥; =10 on T,

under conjugation conditions:
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where €; and £, with boundary &%, and #2; respectively, are bounded, continuous and strictly
Lipchitz domains from n- dimensional Euclidean space R" such that:

0=0,U08, 0,Nn0, =6
= (89, uadQ,; )/ y. isboundary of Q, y=8%; NdQ, # @,y =v Uy,
o, ny=y*, ény=y", f,, Lel’(Q),

0 =r=r(x)=r, ,7 € C{y),ry is a positive constant,

(2.3
m is an ort of an outer normal to T, [@] =g+ - @™,
gr={@*=0(x) for x ey,
g =@l =0(X) for xey .
Q)
Figure 1: 1
and
a, b, c and d are given numbers such that b, ¢ > 0. (2.4)

Such systems where (2.4) is satisfied is called cooperative systems. They appear in some biological
and physical problems [2].
We first prove the existence of the state of the system (2.1)-(2.2) under the following conditions:

a=pu.,d=p
{[u —a){p—d) = be, (2.5)
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where u is a positive constant determined by Friedrich inequality:

;cf Iyl* dx ::J vy l? dx (2.6)
[ (9]

Then, we prove the existence of distributed control for this system; and we find the set of equations
and inequalities that characterizes this distributed control.

Existence and uniqueness of the state
By cartesian product, we have the following chain of Sobolev spaces :
(H3(@))* < (L (@)*  (H™H(@)*

On (Hi(€))*, we define the bilinear form:

aly.y) = Jﬂ Vy; Yy, dx + fn Vg Vy,dx — fn ( ayyw, +bysy, +cyyy, + dyzy, Jdx

+ f rly J[w, lay + f r [y, 1w, Jdy (2.7

T Y

Lemma 2.1 The bilinear form (2.7) is coercive on (H3(2))%; that is , there exists a positive constant
C such that

aly.y)z Clyl® 1002 vy =101, wle (He@) (2.8)
Proof
Choose m is large enough such that & +m =0 and d +m = 0.
Then,

1 1 a+m
ay) = 3| (TPt mly Py a2 [ (9l +mly P -2 [ Iy
blg clq b Jg

d+m
SR alax-2 [ yaysax + [ rlyday+ [ eyl ay.
0 0 ¥ ¥
From (2.3), we get

1 1 at+m
gy zz] Avil+ miy et | AP emlyPe- S0 g Fa
blg clg b g

d +m
__f lyz|* dx — 2 f Vi Vpdx .
c Jg 0
By Cauchy Schwartz inequality

1 1 at+m
a2z [ (Tl + mlyyexss [ Qv e mlyPa- 220ty e
blg clg b g
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d+m 1 1
SR e 2(f IyPaoi] e
c Jg 0 0

From (2.6), we deduce

1 a4+ m 1 d+m 2
aly.y)=-(1- Iy, I +-q1 - My 12 — ——lly, My 1l
.y o "+m} V1 2 u+m} yall* = lyalllly
Then
1 a+m—"hb 1 d+m-—c
vz =1 —— 2 il — z
a(v.v}_b[ tm VAL +-( tm Al

Therefore (2.5) implies
aly.y) = C (ly,lI* + lly:I%)

= Cliyll? 1,002 ¥y € (Hy ().

Now, let

Liy) = L (A ¥y + fip)dx

be a continuous linear form on (H} (€))% Then using Lax Milgram lemma, there exists a unique
solution y £ H}(2))* such that:

aly,w) = L) vy e HiQ))*

Then, we have proved the following theorem
Theorem 2.1. For f; , fi € (L2(€2))* there exists a unique solution {y,,y;} € (H}(@))* for cooperative
Dirichlet system (2.1) with conjugation conditions (2.2) if conditions (2.5) are satisfied.

Formulation of the control problem
The space U = (12(€2})* is the space of controls.

For a control u = (uy,u;)e (L*(Q))?, the state y(u) = {y,{w) y,(u)} of the system is given by the
solution of

—dy, () = ay,(w) + by, (w) +f, +uy ingQ
—tyz (W) = oy, (W + dy, () + £ +u, inQ 2.9)
Yj_[u} = Yz(u} =0 on I,
under conjugation conditions:
[y, @] =[y,]=0 on v
Z ﬂ};-i;‘} cos(v, x; l = [ > ﬂ};zj‘} Cﬂs[vax[}l =0 on v
L ]
+
d S R B
4 { j::l:*}} — {Zj; ﬂj;—i:’:} cus(v,x[}} = "'"[}’1 [u]-] on y (2.10)
+
] t L -
L{ j;;u}} — {Z 3;2:“} gu.s-[v,x[:}} = rly, (u)] on ¥

T i
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The observation equation is given by:
Z (u) = {Z,@, 2,)= C y () = C {ys (), y2()} =l (). y2 ()}
For a given z4= {z.4, z:4 }& (L2(Q)) . the cost function is given by

16 =y, () — 24 ||(L=m])= + lly, () = zm“(rﬁ &_ﬂ)! + (Nv, v}(Lz tﬂ]f . (2.12)

where N is a hermitian positive definite operator such that :

[Nv,v}([.lmj]! = Mllvll? 1, M=0 (2.12)

(17 s2)
The control problem then is to:
{Find u = (u,.u,) € uyy (closed convex subset of [Lz(m:lz such that:
(2.13)
Ju) = inf](v) ¥V E Uy
The cost function (2.11) can be written as

16) = lly, &) — 3, (0) +y,(0) — 24 “|:Lz @)’

+IIY3(V} - YE(D} + Yg(u} — Z34 II(L’ Eﬂl}z + (NV; V}(Lz [ﬂ]::lz
If we let:
w0, %) = (730 ~ 920,57, 6) = ya @) 5 2
+(y2(0) — y,(0) .y, () — Yzm})([.z@]‘ O V) gy

and

FO) = (20 -y, (0 y, () — YL[D})[Lz m]]z

+[Zz,d — YE[D} +¥a2 [V]' — YE(D})(LZ [ﬂ]]z

Then

@) =269) = 2f Dllzgg —ys OIP 3 2 + llzza — 72 @I

L2 () L)’

Since from (2.12) , (v, v} = MlIvI® 51,0952,

then, using the theory of Lions [11], there exists a unique optimal control of problem(2.13);
moreover it is characterized by

Theorem 2.2 Let us suppose that (2.8) holds and the cost function is given by (2.11), then the
distributed control u is characterized by:
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[ —4p; —ap; —cp; =y.(u) — 244 in 0
—Ap; —bp, —dp; = y2 () — 254 in O
pt=pz=10 onT
[pl = [p2d = 0 ony

[ﬂ};iu} cus[v,x[}] = [ﬂ}lr;iu} cus[v,:rl-}] =0 on ¥
¥ i
) t
{ﬂ};iu} cos(v, xl-]-} =rlp] on ¥
7
t
{ﬂ};x[u} cos(r, x[}} =r[p] on ¥
i
[PLJV:L_“L} + fpz;vz—uz:} + (va_u}li[.z[ﬂ]::lz =0,

\
together with (2.9) and (2.10) ,where p(u) = {g: (u), p; (U)} is the adjoint state.

Proof

The optimal control u is characterized by [see 11, 13]:

aluv—u) —Liv—-uw 20 Vveuy
[YL[U} - Y:.m} -'YL{V —u) - Yim})([‘;m}}‘

+|:Yz(u} —y2(0) .y, v —u) - YE[D})(L: [ﬂ]]’
+(Nu, v _u}[L‘[[‘]}z - [zid - YL[D}J YL[V —u) — YL[D})
~(zg9 — 7, (0) 3, (v — ) — 3, (0)) = 0

Then
[Yl(u} —zy9 ¥ (v —u) - Yl[n})l:[.z ,:ﬂ]}’
+ (2 () — 25 .y, v — ) ‘Yz[“})(m]’ (2.14)

+[N1Lv—u}|: 1 =0

12(0)

Since the model A of the system is given by
AY(X) = A (y1y2)
= (-By1- ays- bys, -8y2- Cyy- dyz)
and since

(A'py)=(p. AY),

then
(p.AY)= (ps, — Ay, () — ay, () — by, W) + (g, —Ay, (W) — ey, () - dfi’z[u]')

= (_"1"13'1(11} —dpy (w) - CPz (w) ¥t (_ﬂPz(u} - b]:'z[u]' - sz[uJ ¥z )
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and since the adjoint state is defined by :

(—Ap; —ap; —cp; = yy(u) —z44 in Q
—Ap; —bpy —dp; = Yz{u]' — Zzd in @
a
& = Pz =0 onT
ﬂVﬂ

Then (2.14) implies
(—Bps @) —ap; () —cp; () ys & —w) =y O o2 +

(_":"Pz[u]' —bp, (W) — dpy () .y, v —u) - Yzm})(mﬂ])z
+(Nu, v — u}( zm]}z =0

Therefore
(A‘Pl . YL(V —u) — YL(D}][L;@]’

8Py =0 =y ) g
+(Nu, v — u,}l:LzEﬂ])z =0,
(py , Ay; (v — u) — Ay, (0)) @)
+(pz Aya (=) — 47,0, o
+ (Nu,v — ﬂ[mtmf =0.

From (2.9), we obtain

(Pp ¥y — ul}[L; Eﬂ]]z + (]JzJVz - ug}(Lz[ﬂ]]! + (Nu, v — u}(Lz (ﬂ]}lz =0

Hence

fﬂ’i+N“1}{V1_“1}d3+I[P2+N“z}[vz_“z}d3 =0
i

3. COOPERATIVE NEUMANN ELLIPTIC SYSTEMS WITH CONJUGATION CONDITIONS

In this section, we consider the following Neumann cooperative elliptic system

—Ay, = ay; +by, +f, inl cR"
—By; = cy, +dy; +f; infl cR?
e

v E1-5 Bz
i=1,2.

with conjugation conditions (2.2) , where g; £ (L*(2))?,
, since

We introduce again the bilinear form (2.7) which is coercive on (H*(2))?
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(Hj (@) € (H (@)

Then by Lax Milgram lemma, for a control u e (L%(€))* the state vy (u), yo(u)) € (HX(Q))
of the system is given by the solution of

aly(u), w()) = Ly(v) wye (HY@Q)*
Where

Ly(y) = f {(fy +uy)wy + (fz +up )y, Jdx + I (1w, + gav,dl
1]

is a continuous linear form defined on {Hl{ﬂ]}:

then, applying green formula, we get

f (—Ay hy, dx + I[—ﬂ}f:}wzdﬁ + I{anwl + byzy, + cyyy, + dygyy, Jdx
£13 i} i}

dy, fﬂﬁ‘z jﬂh
—| —ndl— | — i, dlC— | —r;d
J aﬂ\l’i J aﬂ‘l-’z J B‘A% Y

j av—\pzd'r+ [ rly,] [y ldy + j r [yl [y ldy
I {(f, +u,) y, + £+ uz}wz}dx + J ( By, + Hz‘Fz}dr
I

_L (— A4y, —ay, — by )y dx + f (—Ay; — ey, — dy; W

- g\l&d"— g\lizd"’—fa Yrydy

- ?T:%d”_[r[yi] tiler + [ elya] e

f{[fl tuydy, +(F +ug) oy, ddx +f (Bww, + gow, )dl
]
i.e the state (v (u), y.(u)) € (H*(Q))*is given by

—Ayy(u) = ay;(u) +byz(uw) +fi+u; infl cRP
—Ay;(u) = cy (W) +dy(u) +f; +u, infl cR®
dyy dys _
By B ay, B2 on [

under conjugation conditions:



DISTRIBUTED CONTROL FOR COOPERATIVE ELLIPTIC ... 9

(1y,a)] [ oy, @)
(2] _ |y

av, cos(r,x;}| =0 on y

7

[P0 Z By, ()

au, |- cos(v,x;})| =0 on ¥

(33)

A

4
5'3’1 (‘H} (’H}
ar

= vy (u)] on ¥

cos(v, x; } = vy ()l on ¥

amu} { 3’2[“} maw

ﬂvﬂ

For a given zg= {z,4,2:0} € (L2 {ﬂ] . The cost function is given by (2.11)
As in theorem(2.3), we can prove

Theorem 3.1 If the cost function is given by (2.11), there exists a unique optimal control u=
(upuy)e (12(0))°, such that:
Ja) < &)  wo euy ©(2@)

Moreover it is characterized by the following equations and inequalities

(—Ap; —ap; —ep; =y (u) —zy4 in @
—bp; —bp, —dpy = Yz[‘-ﬂ — Z3d in O
Op _ % _ onT
) vy Bvgs
[6?1 _ "}Pz] —0 ony
IS s ‘rﬂ.' N
I ﬂ I
{aﬂm} el Pz} = r [p,] ony
. Ve A"

I[PL+N“1]'(V1_“1}d3+I[P2+N“z]'("z_“z}dx =0
2 £

together with (3.2) and (3.3)
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